Math 7350 Homework 4 Solutions Fall 2004

1. Let f,: R — R be a sequence of continuous functions. Show that the set of points
C={xeR: f,(xr) converges as n — oo } is an F,4-set.
The sequence f,(x) converges iff f,(x) is a Cauchy sequence: Ve > 0: 3dng >
0: Vn,m > ng: |fu(z) — fr(2)] < e.
The ‘06’ should take care of the quantifiers, but we need {z : |f.(x) — fi(x)| < &}
to be closed. It is not closed as it stands, but the set

Enme ={z:|fa(z) = fin(z)| < €}
is closed since it is the complement of the set {x : |f.(x) — f.(z)] > €} which is
the inverse image of the open set (—oo, —¢) U (g, 00) under the continuous function

9(x) = fala) = fm(z). Now
Croe = m Enme ={z:VYn,m >ng: |fu(z) — fr(x)] < e}

n,m>ng

is an intersection of closed sets, so is closed. Thus

A= UCno,s = {*T :dng: Vn,m > ng: ‘fn(x) - fm(x)| < g}

no

is an F,-set, and

B = ﬂAl/k = ﬂ A. ={x: fu(x) converges}
k

e>0
is an Fs-set.

2. It E C R is a Lebesgue measurable set with a finite measure, prove that for any

given ¢ > 0, there is a set U which is a finite union of open intervals such that
AMUAE)<e Hae UAE=(U\E)U(E\U).

Since A(E) = M (E) < oo, we can find a countable sequence of open intervals
I, I5,... such that B C |J.2, I; and > 0 AML;) = Do (L) < ME) +¢/2. If
we set Use = Jio Li, then AM(Us) < DS AL) < ME) +¢/2,50 AU \ E) < /2.

Set U, =, Li- Then Uy CU, C ... and |J,—, U, = Us. Hence lim,, oo A(U,,) =
A(Us). Thus there is some n for which A(U,,) > A(Uy)—¢/2, and so A(Uso\U,,) < £/2.
Now U, is a finite union of intervals and

Uy AE=(Ux\E)A (Uxs \Uy) C (U \ E) U (Uso \ Un),

so MU, AFE)<e/24+¢e/2=c¢.

3. Show that if U is a finite union of open intervals and QN [0, 1] C U, then A(U) > 1.

Suppose U = J;_, I; where I; are open intervals and Q N [0,1] C U. We need to
show A(U) > 1.

Without loss of generality, and by induction of n, we may assume the I;’s are pairwise
disjoint. Otherwise, if I;NI; # (), then I;UI; is also an open interval, and we can write
U as a union of a smaller number of intervals. Similarly, without loss of generality,



each [; intersects [0, 1], otherwise we could remove I; from the union to get a set U’
which is the union of n — 1 intervals, QN [0, 1] C U’, and \(U) > \(U’) > 1.

Now write the intervals as I; = (a;, b;) and order the intervals so that a; < ay < --- <
a, (if a; = a; then I; and I; intersect, so we may assume the a; are distinct). Now if
b; > a;+q then I; and [;;; intersect. Hence we may assume b; < a;4;. In particular
we may assume U N (a;,a;41) = I;. On the other hand, if b; < a;;; then either
bi > 1 (SO Ii—l—l N [O, 1] = (Z)) or i1 < 0 (SO Il N [0, 1] = Q)) or (bi,aHl) N [0, 1] §£ Q) (SO
(bi, a;+1) N0, 1] contains a rational that is not in U). Since none of these are possible,
we must have b; = a;41 for all ¢ with 1 < i < n. Thus U = (a1,b,) \ {az,...,a,}.
But 0 e Usoa; <0,and 1 € U so b, > 1. Now A(U) =b, —a; > 1.

4. The first Borel-Cantelli Lemma states that if the sets By, Bs, ... are measurable and
Y2 A(B;) < o0, then the set of points that belong to infinitely many B; is a set of
measure 0.

Prove the first Borel-Cantelli Lemma.

Let E be the set of points that belong to infinitely many B;. Since Y > A\(B;)
converges, for any € > 0 there is an ng such that > A(B;) < e. But then
MUz, Bi) < 222, MB;i) < e. Now if 2 € E then  is in infinitely many B;, and
so lies in some B; with i > ng. Thus £ C |J;2, Bi. Hence A\(E) < MU, Bi) <e.
Since this holds for all € > 0, A(E) = 0.

5. Let A be a subset of R such that A(4) > 0. Denote by A—A theset {z—y : z,y € A}.

(a) Prove that there is an interval [a, b] such that A\(A N [a,b]) > 3(b— a).
First by setting A, = AN[n,n+1) and noting that and Y A(A,) = A(A), we may
assume A\(A,) > 0 for some n. Replacing A by A,,, we may assume A(A) < co.
Now A C U with U open and A(U) < 3A(A). Writing U as a countable disjoint
union of intervals I;, we get Y A(L;) = MU) < 3A(A) = : 2 ALiNA). If
AI;) = SA(I; N A) for all i we obtain a contradiction. Hence there is an interval
(b) Show that if 0 < ¢ < (b — a) then AN (A+6) N |[a,b] is non-empty.
Let A = ANJa,b]. Now if A/ N (A +6) = 0 then M\(A") + AN(A" +9) =
MAUA +96)) < Mla,b+6]) < 2(b—a). But A(A') = XA +6) > 2(b—a), a
N

1
contradiction. Hence A'N (A’ +6) C AN (A+J)NJa,b] is non-empty.

(¢) Deduce that A — A D [—3(b—a),$(b—a)].
If0<d<3(b—a)then AN(A+6) #0,s0x € AN(A+ ) for some z. But

)
thenz € Aande—d € A, sotaz € A— A Thus A—A D [—3(b—a),1(b—a)].



