Math 7350 Homework 5 Solutions Fall 2004

1. Evaluate, with justification, the limit lim, .o [~ (1 4+ 2/n) " nsin(z/n) dz.

log(1+2)™" = —n(24+0((2)?)) = —2+0(%) — —z asn — o0, thus (1+2)™" — ¢=*
as n — 00. Also nsin(£) = n(£ 4+ O((£)*)) =z + O(ffb—z) — x as n — 00. Thus if we
set fo(z) = (1 +x/n) " nsin(z/n) then f, — f as n — oo where f(z) = xze™*. We
would expect the integral to converge to fooo re ¥ dx. To prove this, use Dominated
Convergence Theorem. Since sinz < z for > 0 we have |f,,(2)| < z(14+x/n)"". If
we assume n > 3 then
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Thus | f.(2)] < g(x) =1/(1+ ;—i), which is integrable. Thus the limit is [~ ze™" dx.

Now letting g, = xe “X{o); [ gn — [ f by MCT. But [ ze* dx = [—(z+1)e "[§ =
1—(n+1)e™ — 1 as n — oo. Thus the limit is 1.

2. Let S be a measurable set with finite measure. Show that f(z) = A(SN (S +z)) is
a continuous function and lim,_,; f(z) = 0.

If I = (a,b)is an interval and z € SN(I+z) but z ¢ SN(I+y) then z € (I+xz)\(I+y).
Now M(I +z)\({ +vy)) = Ma+z,b+2)\ (a +y,b+y)) < |z —yl. Thus
ASN(T+2))=NSN(T+y)) < |z—y|. IFU = Y, I, is a disjoint union of N intervals,
then A(SN(U+x)) =Y ANSN(Li+x)). Thus A\(SN(U+x))=A(SN(U+y)) < N|z—y|.
If A(S) < o0, then there is such a U with A(SAU) < e. Then [A(SN(S+z))—A(SN
(U +x))| <e. Thus f(z) — f(y) = MSN(S+z)) = ASN(S+7y)) <2+ N|z —yl.
Similarly f(y) — f(z) < 2e+ Ny — x|, so |f(y) — f(x)| < 2¢ + N|z — y|. Since this
is < 3e for |x — y| sufficiently small, and € > 0 is arbitrary, f(x) is continuous.

Let K be the maximum distance between any two points in the (bounded) set U. Let
V =8\U. Since S CUUV, SN(S+x) C (UNU+z))u(UN(V+z)u(VN(S+x)).
Ifx>KthenUNU+2z)=0,80 ASN(S+2z) <AV +2z)+ V) < 2. Hence

f(z) — 0 as z — +o0.

3. Suppose f:[0,1] — R and f™ is integrable for all n > 1. If fol fr = folf for all
n > 1, show that f = ys a.e. for some measurable set S C [0, 1].
We start be showing f* = f a.e.. Consider ¢ = (f> — f).. Then g > 0 and
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Joog= )P =2r+) = f=2f,f+ ), f=0. Let E, = {x: g(x) > 1/k}.
Then 0 = [ g > A(Ey)/k. Thus A(E)) = 0. But then A(JE;) = 0 and | E), =
{z : g(x) > 0} = {x : f(z)* # f(x)}. Thus f? = f a.e.. Since f is measurable,

S = f7'{1}] is measurable. If f(z) # xs(z) then f(x) # 0,1, so f(z)* # f(x).
Thus f = xg a.e..



4. (a) Show that if S is measurable with finite measure then lim, .., [ cos nz dz = 0.
[Hint: Recall that there exists a finite union U of intervals with A\(S A U) < &/]

Assume first that S = (a,b) is an open interval. Then
| [ cosnz dx| = |ffcosnxdx| = |[L sin(nz)]}] < 2.
Fix € > 0 and let U be a union of k£ open intervals with A\(S A U) < e. Now
| [gcosnxdr— [, cosnzdr| = | [(xs—xv)cosnzdz] < [ |xs—xuv| = A(SAU).

Thus | [¢cosnzdr — [, cosnzdzr| < e and | [, cosnzdz| < k(2/n). Hence
| [gcosnzdx| < e + k(2/n) which is < 2e for sufficiently large n. Since this
holds for any & > 0, lim,, ., [ cosnz dz = 0.
(b) Deduce the Riemann-Lebesgue Theorem:

If f is integrable then lim, . [ f(z)cosnzdz = 0.

By writing f = fi— f_ it is enough to prove the result when f > 0 and [ f < oc.
Let ¢ be a simple function with 0 < ¢ < f, ¢ = 32 aixs,, and [ ¢ > [ f—¢/2.
Then [ ¢cosnzdr =S r  a; [ s, cosnz dr — 0 as n — oo. Thus for sufficiently
large n, | [ ¢pcosnzdx| < €/2. But | [(f(z) — ¢(x))cosnazdz| < [(f —¢) <

e/2, so | [ f(z)cosnzdz| < | [ ¢(x)cosnzde| + | [(f — ¢)cosnxdz| < e for
sufficiently large n.

5. Suppose that for all n, fol fn(2)?dz < 5. Show that f, — 0 a.e. on [0, 1].

Let E, = {z :|fu(z)| > 1/n}. Then fol fn(z)?dz > N(E,)/n? Thus A\(E,) < 1/n?
If f.(x) 4 0 then there is some ¢ = 1/k with f,(z) > 1/k for infinitely many n.
But then f,(x) > 1/n for infinitely many n. Thus = € |J; Ex. But the measure of
this set is at most Y 1/n* — 0 as ng — oo. Thus the set of & where f, # 0 is of
measure zero.

Alternative solution:
Let g(x) = 320°, fu(2)? € 0,00]. Now S°N | 2 is increasing in N, so by MCT,
J 9= [limy ZnNzl fa= limeZiVZI fr=limy ZT]LV=1 J =3 # < 0.

But this implies {x : g(z) = +oc} has measure 0. Thus g(z) = > o fu(z)? con-
verges a.e., but this implies f,(7)? — 0 a.e., and so f,(z) — 0 a.e..



