Math 7350 1. Real Numbers Fall 2004

We assume the usual properties of the rationals Q and define a real number as a set of
rationals x C Q with the following properties (p, ¢, denote rationals, x,y, z denote reals):

D1. = # 0,Q.
D2. If pexthenVg<p:qe€u.

D3. If pexthendg>p:qé€ .

Let the set of reals be denoted by R. For every p € Q, the set [p] = {¢g € Q : ¢ < p}
satisfies D1-D3, so we identify p € Q with [p] € R. The sets z and z° = Q \ z partition Q,
and one thinks of the real number as the dividing point between the two sets. We define
an order < on R by z <y iff x C y.

Lemma 1 < is a total ordering on R.

Proof. Since C is always a partial order, it is enough to show that if z,y € R then either
x CyoryCx Assume x Z y, so that there exists a p € Q with p € x but p ¢ y. Assume
q € y. Then ¢ < p by D2. Thus ¢ € z by D2. Hence y C z. O

Lemma (Least Upper Bound Axiom)
If a non-empty set of reals has an upper bound, then it has a least upper bound.

Proof. Assume S is a non-empty set of reals with upper bound z; € R. Let z = Uye sV
Clearly z # (0, and 2 C 2y C Q, so D1 holds. If p €  then p € y for some y € S. If ¢ < p
then ¢ € y C z, so D2 holds. There is a ¢ > p with ¢ € y, so ¢ € x and D3 also holds.
Thus z € R. Clearly y <z for all y € S, and if y < 2’ for all y € S then x = Uyesy Ca,
so x < 2/. Thus z is a least upper bound for S. O

If S'is a non-empty set with an upper bound, we write the least upper bound as sup S. Note
that in general sup S may not lie in S. Define addition on R by z+y = {p+q:p € z, q € y}
and multiplication on R by xy ={r:Ip €z, p ¢ x,q€y,¢d ¢y:r <pq,vq,pd,pq}.

Theorem 1 These operations give elements of R, and under these operations R forms
an ordered field, i.e.

1. + 1is associative, commutative, has identity 0, and inverses —x,

2. X is associative, commutative, has identity 1 # 0, and inverses x= for x # 0,
3. x distributes over +: x(y + z) = zy + xz,

4. < 1s a total order,

5. < respects +: x <y and z <t implyx+ 2z <y+t,
6. < respects x: x <y and 0 < z imply xz < yz.

Proof. Fairly easy, but tedious, check. O



From now on, we can forget the construction of R, and just use the fact that it is an
ordered field and satisfies the least upper bound axiom. These facts are enough to prove
all the results about R that we shall need.

We can now define the usual notions of subtraction, division, and absolute value:

roy—a+(-y),  E—aylfory£0, |z = max{z, —a).
Exercise: Using just the ordered field and least upper bound axioms, prove
1. 0z =0, 2. (-)zx=—u,
3. —(—x)=uz, 4. 0<1,
5. |z =0, 6. |z+y| < |z +yl,
7. v<y=-y< —=x 8. z<O0and z <y = xz>yz,

Theorem 2 If F is an ordered field satisfying the least upper bound axiom, then there
exists a bijection f: R — F such that for all x,y € R,

(o) <y flx) < fly), (b) flet+y) =f@)+fy), (c)fley)=flx)f(y)

Proof. (sketch)

1. Define f1: N — F by f1(0) = 0 and inductively fi(n+ 1) = fi(n) + 1. One can show
by induction that (a)—(c) hold for f;.

2. Define fo: Q — F by fa(p/q) = fi(p)/fi(q). One can show that this is well defined and
satisfies (a)—(c).

3. Define f: R — F by f(z) = sup,c, fa(p). One can check that this is well defines and
satisfies (a)—(c).

4. Finally, f is injective by (a), and if z € F one can check that z = f({p € Q : fa(p) < z}),
so f is surjective. O

Lemma (Archimedean Property) If z,y € R and x > 0 then there exists a natural
number n such that nxz > y.

Proof. Let S = {nx : n € N}. This set is non-empty and does not have a least upper
bound: if z = sup S then z —x is not an upper bound, so there exists an n with z —x < nz.
But then (n + 1)x > 2, a contradiction. Hence S has no upper bound, and so no y can
exist such that nx <y for all n. O

Corollary Between any two real numbers there exists a rational number.

Proof. Assume z < y. Then 3n € N : n(y —x) > 1. Now ds € N : s1 > —an and
dt € N:tl > xn + s. Pick the smallest such ¢. Then t_TS will do. O



Math 7350 2. Limits Fall 2004

Definition A sequence (x;) is increasing (strictly increasing) if i < j implies z; < z;
(z; < xj). A sequence (z;) is decreasing (strictly decreasing) if i < j implies z; > x;
(; > x;). A sequence is (strictly) monotonic if it is either (strictly) increasing or (strictly)
decreasing. A subsequence of (x;) is a sequence of the form (z,,) where (n;) is strictly
increasing.

Lemma Fuvery sequence has a monotonic subsequence.

Proof. Assume (x,,) is a sequence and construct an upper subsequence (z,,) and a lower
subsequence (z;,) as follows. Suppose we have constructed z,,, for ¢ <o and x;, for j < jo.
Let the last elements of these subsequences be z, = z,, _, and x; = x;, _, (or +oo and
—o0 if 49 = 0 or jo = 0 respectively). At each stage there will be infinitely many z,, such
that z; < x, < x,. Pick the smallest such n > w;,_1,l;,—1. If there are infinitely many
Ty, with z, < 2, < @, then add z, to the lower subsequence, [;, = n, otherwise there
are infinitely many x,, with z; < x,,, < x,, and we can add z,, to the upper subsequence,
u;, = n. Repeat this process inductively. The subsequence (z,,) is decreasing and the
subsequence (x;,) is increasing. At least one of these subsequences is infinite. O

We define the extended real numbers R* = RU{—o0} U{+0o0}, with the usual conventions,
00 + & = 00, coxr = —oo for x < 0, etc. We leave oo — oo undefined, but let co.0 = 0.

We now extend sup S to arbitrary sets of (extended) reals S by setting sup ) = —oo, and
sup S = 400 if S has no upper bound. We define inf S = —sup{—=z: x € S}.

Assume (z,)2, is an infinite sequence of real numbers and L € R. We define

L is a limit of (z,,), lim, o2, = L & Ve >0:3ng: Vn >ng: |z, — L] <e,
L is a cluster (or accumulation) point of (x,) < Ve > 0: Vng: In > ng: |z, — L| < e.

Note that Ing: Vn > ng: can be translated “for all but finitely many (f.a.b.f.m.) n”,
whereas Vng: 3n > ng: can be translated “there exists infinitely many (Joo-many) n”.
We also allow L = 400, by, replacing Ve > 0:---: |z, — L| <e by VK >0:---: 2, > K
when L = +o0, and by VK >0:---: x, < —K when L = —o0.

Definition We say (z,)°, converges or is convergent if lim x,, exists and is finite.
Definition We say (z,,)5%, is bounded if 3K > 0: Vn: |z,| < K.

Lemma Fvery bounded monotonic sequence converges.

Proof. Assume w.l.o.g., (x,) is increasing and let L = supz,. Since (z,) is bounded,
L € R. Since L — ¢ is not an upper bound, 3Ing : x,, > L —e. But (x,) is increasing, so
Vn>mng:x, >L—¢e ButVn >ng:x, < L. Thus |z, — L| < ¢ and limz, = L. 0O

Theorem (Bolzano-Weierstrass) Every bounded sequence has a convergent subsequence.

Proof. Pick a monotonic subsequence of (z,,). O



A sequence (z,,) is a Cauchy sequence iff Ve > 0: Ing: Vn,m > ng: |z, — xm| < €.

Lemma A sequence is a Cauchy sequence iff it converges.

Proof. 1f (x,) converges, then Ye > 0: Ing: ¥Yn > ng: |z, — L| < €/2. But then Yn,m >
no: [Ty —Tm| < |xp—L|+|L—2y| <e/2+4¢/2 = ¢, and (z,,) is Cauchy. Conversely, if (x,,)
is Cauchy, pick a monotonic subsequence (z,,). Now Ve > 0: Ing: Vn,m > ng: |2, — 2| <
£/2. But then (z,,) is bounded (most terms by z,, £ ¢/2). If limz,, = L then by taking
m = n; for large enough i, |x,, — L| < /2, so |z, — L| < e. Thus (z,) converges to L. O

We can define ‘one-sided’ limits:

lim, owan =L < Ve>0:fabfm n:a,<L+eand Joo-many n : a, > L — ¢,
lim a, =L < Ve>0:fabfm. n:a,>L—¢cand doo-many n:a, <L +c¢.

———n—00 n

And similarly for L = £o0.

Lemma Let (z,) be a sequence of real numbers and let L € R*.

. There is at least one cluster point L € R* of (z,),
. (x,) is bounded iff neither +00 nor —oco is a cluster point of (),
. lim @, is the smallest and lim ,, is the largest cluster point of (x,) (both ewist € R*).

. limx,, = L exists < there is exactly one cluster point of (x,), namely L.

. L is a cluster point of (x,,) < there exists a subsequence of (x,) with limit L.

limy, oo Tp = liMyp, SUD,, >y Tn, LM, @y = limy, infy >, 2.

1

2

3

4

5. Any cluster point of a subsequence (x,,) is also a cluster point of (x,).

6

7.

8. If (x,) is increasing (resp. decreasing), then lim z,, = sup,, z,, (resp. inf, x, ).
9

. lim(z, £ y,) = limz,, £limy,, limz,y, = limz, lim y,, lim(z, /y,) = limz,,/ lim y,,
provided these expressions are defined (and not 00.0).

We define the limit of a series > .~ x; as lim, oo > 1o Z;.

Lemma

1. If 32 @y, converges then limx, = 0.

2. If 3772 |zn| converges then Y ° x, converges.

The examples > % and % show that the converses to these statements are false.

Warning: Don’t interchange limits etc. In general, lim,, lim,, 2, ,, # lim,, lim,, z,, .
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Definition We say z is in the interior of a set S, if 3¢ > 0: (x — e,z +¢) C 5. The
interior of S is the set S of all interior points of S. A set U is open iff U = U.

Examples (a,b) is open, but [a,b] and [a,b) are not (take x = a). Q is not open.

Lemma 1. ) and R are open.

2. The union of any collection of open sets is open.

3. The intersection of any finite collection of open sets is open.

4. S is open, and is the largest open subset of .S, S = Uopm ves U.

Definition We say x is a point of closure of S if Ve > 0: (x—eg,x+e)NS # (). The
closure S of S is the set of all points of closure of S. A set F'is closed iff F = F.

Lemma (S)¢ = (S°)°. In particular S is closed iff S¢ is open.

Corollary 1. () and R are closed.

2. The intersection of any collection of closed sets is closed.

3. The union of any finite collection of closed sets is closed.

4. S is closed, and is the smallest closed set containing S, S = MNetosed o5 F-

Note that any set is a union of closed sets (singletons) and an intersection of open sets
(complements of singletons).

Exercise: Show that S; U S, =S, US,. Give an example where S; NSy # 51 N So.

Lemma L € S iff there exists a sequence (x,) with x,, € S such that lim,,_ z,, = L.

Proof. =: ¥n: 3z € SN(L—L L+ 1). Set x, to be one such x.
<: Ve >0:3ng: Yn >ng: |z, — L| < e, hence z,, € SN (L —¢,L+¢). O

Example Define the Cantor set by C' = (2, C; where Cy = [0,1], Cpyy = {2/3 1z €
Co}U{(x+2)/3:2 € C,}. Then C, 4, is obtained from C,, by removing the middle third
of each subinterval of C,,. ('}, and hence C'is closed. The set C' can also be described as all
z € [0,1] which can be written in base 3, x = > | @,37", with all a,, € {0,2}. If 2,y € C
with x < y, then there exists z ¢ C with x < z < y. Thus C contains no non-trivial
interval. Moreover, C' is uncountable since each choice of (a,) gives a distinct = € C.

Definition An interval is a subset I of R such thatifx,y € [thenVz:z <z:<y=z¢€ [.
Ifinf/ < z <supl then z € I, so I = [a,b], (a,b], [a,b), or (a,b) with a,b € R*.

Definition If S C R, define an equivalence relation on S by x ~ y iff [z,y] C Sif 2 <y
(or [y,z] C Sif y < z). We define a component of S to be an equivalence class of ~. Note
that components are non-empty intervals (possibly single points).



Lemma Fuvery open set is a disjoint union of countably many open intervals.

Proof. Consider the component interval [, of t € U. If x € [, then 3¢ > 0: (z—¢,2+¢) C U,
soVze (x—e,x+e): z~x~tandso (r—e,x+¢e) C I;. Inparticular I; is open, so U =
U,ew It is a disjoint union of open intervals. There are only countably many components
since each component contains a rational (3 a surjection from Q to components). O

Note: Although any open set is countable union of open components, there may be un-
countably many ‘gaps’ between the components (e.g., the complement of the Cantor set).

Definition If S C (J,.; U; then {U; : i € I} is said to be a cover of S. If the U; are open,
we call it an open cover. The cover is finite (resp. countable) if I is finite (resp. countable).
We say S is compact if every open cover of S has a finite subcover, i.e., if S C | J,; U; then
there is a finite Iy C I such that S C UZ.GIO U;. We say S is connected if whenever U; and
U, are open, S C Uy UUs,, and U; NUy NS = (), then either S C Uy or S C Us.

Theorem (Lindel6f) If S C R, then any open cover of S has a countable subcover.

Proof. For all x € S C J,; Ui, 3i € I such that € U; and Jp,q € Q, p < x < ¢ with
x € (p,q) C U;. Now for each pair of rationals p < ¢, pick (if it exists) ¢ € I such that
(p,q) C U;. Let Iy be the set of all i chosen. Then I is countable and z € Uiel0 U;. O

Theorem (Heine-Borel) F' is compact iff F is closed and bounded.

Proof. Suppose first that F' = [a,b]. Let S = {x € [a,b] : 3 finite Iy C I: [a, 2] C J;;, Ui}
Clearly a € S and b is an upper bound for S, so ¢ = sup S exists and ¢ € [a,b]. Then
c € U, for some iy € I, s0 (c—¢,c+¢) CU,;, for somee >0. Now Id € S : d > ¢ — ¢,
and a finite Iy such that [a,d] C ;s Us. Hence [a,c+¢) € Uicrouqiy Ui- If ¢ < b then ¢
is not an upper bound for S, and if ¢ = b, [a,b] C [a,c + €) has a finite subcover.

In general, if F' is bounded, then F' C [a,b] for some a,b € R. Now F*° is open and so
la,b] € F°UJU; has a finite subcover. Removing F', this still gives a finite subcover of F'.
If F'is not bounded then F' C |J, ., (n —1,n 4 1), but there is no finite subcover.

If I is not closed, pick a point of closure # ¢ F. Then F' C |J. [ — &,z + €], but there
is no finite subcover. a

Corollary If F;, i € I, are closed, bounded, and (\;c;, Fi # 0 for any finite Iy, (e, Fi # 0.

Lemma S is connected iff S is an interval.

Proof. =: If x,y € S and x < z < y, consider U; = (—0o0, z) and U = (z,00).

<: Assume S C U UUy, S € U;. We may assume x,y € S, x € Uy, y ¢ Uy, x < y. Let
I, be the component interval of x € U, which we know is open, say (w,z2), z < z < y.
Now z € S, so z € Uj; for either i = 1 or i = 2. Let I, be the component interval of z € Us;.
Then (z,2) NI, NI, # 0. If i =1 this implies I, = I, so z € I, = (w, z), a contradiction.
If i =2 then (x,2) N I,NI, CSNU;NU, s0o SNU NUy # . O
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Definition Assume S C R, a € R, and f: S\ {a} — R. Define limits by
lim f(zr)=L & Ve>0:30>0:VzxeS:0<|z—a|l<di=|f(x)—L|<e

r—a,rEeS
One can also define cluster points, lim, and lim similarly. One can also extend the definition
to include L = +o0, and/or a = £00. Results analogous to those of Section 2 hold, except
that if a ¢ S\ {a} then lim f(z) = L is vacuously true for all L but no L is a cluster point.
(If a € S\ {a} then a is called a limit point of S).

Definition Assume S C R. We say f: S — R is continuous at the point z € § if
Ve>0:30>0:VzeS:[z—z|<d=|f(2)— f(z)| <e, ie, lim, ., ses f(2) = f(x). We
say f is continuous if f is continuous at all x € S.

Definition A subset T" of a set S is called relatively open in S if T'= SNU for some open
set U. Alternatively, Vx € T: 36 > 0: Vz € S: |z —z| <d=2z€T.

Lemma f: S — R is continuous iff f~1[U] is relatively open in S for all open sets U.

Theorem If f is a continuous function on a (non-empty) closed and bounded set, then f
1s bounded and attains its bounds.

Proof. Assume f[F]| C |J,c; U, where U; are open. Then f~'[U;] = F'NV; for some open
Vi (e.gs Vi = FAUNUFS). UFU] = U] 2 FFIF]) = F, 50 F € Uy, Vi Pick
a finite subcover F' C (J;c; Vi- Now f[F] = U;c;, fIF N Vi] € Uy, Ui- Hence f[F] has
a finite subcover, so is closed and bounded. Hence f[F] contains sup f[F] and inf f[F].
Thus f is bounded and attains its bounds. O

Theorem (Intermediate value theorem) If f is continuous on an interval I then f|I]
is an interval.

Proof. Pick Uy, Uy open with f[I] C Uy UUy and Uy NU,N f[I] = 0. Write f~HU;] = INV;
where V; are open. Then I C VUV, ViNnVoN 1 = (), thus I C V; for some i. But then
flI] € f[Vi] C U;. Hence f[I] is connected, and so is an interval. O

Uniformity

Definition f: S — R is uniformly continuous if Ve > 0: 30 > 0: Vz,y € S: |z —y| <
d=|f(xz) — f(y)| <e. Note that the ¢ is independent of .

2

Example f(x) = z* is continuous but not uniformly continuous on R.

Theorem If f is continuous on a closed bounded set I’ then f is uniformly continuous
on F'.



Proof. Fix e > 0. Then Vx € F: 30, > 0: Vy € F: |[x —y| < d, = |f(x) — f(y)| < &/2.
Clearly F C |, (x — 6,/2,2 + 0,/2). Pick a finite subcover corresponding to the points
Z1,...,T, and assume z € (z; — 04,/2,2; + 0,,/2). If y € F and |2 — y| < 0,,/2 then

|z =yl <6, so [f(2) = f(W)| < [f(2) = [l + [f(2:) = f(Y)| < e Thus if we set
d =min{d,,/2} >0, |z —y| <d=|f(2) — f(y)| <eforall z,y € F. O

Definition Suppose (f,) is a sequence of functions f,,: S — R.

We say f,, converges pointwise to the function f if for all x € S, lim,, ., fn(z) = f(x), i.e.,
Ve € S: Ve >0:3dng: Vn >ng: |fu(z) — f(x)| <e. Wesay f,, converges uniformly to f if
Ve >0:3dng: Vn>ng: Vo € St |fu(x) — f(z)| <e, ie., the nyg does not depend on z.

Theorem If f,: S — R are continuous and converge uniformly to f: S — R, then f s
continuous.

Proof. Fix € > 0. Pick ng such that |f,,(z) — f(2)] < ¢/3 for all z € S. Fix x € S. Now
fne 1s continuous, so 36 > 0: Yy € S: |y — x| < 6 = |fuo(y) — fuo(x)| < €/3. But then

1F (@) = F@) < 1) = Fao )]+ | fno (4) = Fo (0)] + | g () = f(2)| <& O

Note: f,(x) = ™ converges pointwise but not uniformly on [0, 1] to the non-continuous
function f(z) =0,z <1, f(1) = 1.

Borel sets
Definition A Borel set is an element of the g-algebra, B, generated by all open subsets.

Exercise: Show that B is also the o-algebra generated by the intervals of the form (a, 00),
or by the intervals of the form by [a,c0), or by intervals of one of these forms with a € Q.

Definition A function f: S — R is Borel measurable if for all B € B, f~![B] = SN B’
for some B’ € B. Note that it is enough to assume f~![(a,00)] = SN B’ for all a € R.

Lemma Any continuous function is Borel measurable.

Definition An F-set is a closed set. A G-set is an open set. An F,-set is a countable
union of closed sets. A (Gjs-set is a countable intersection of open sets. An F_s-set is a
countable intersection of F,-sets. A Gs,-set is a countable union of Gs-sets, etc.

Note that any G-set is also an F,-set, and any F-set is a Gs-set. All Gsys.. or F5,. -sets
are Borel sets. However, not all Borel sets are of one of these forms. On the other hand,
not every subset of R is a Borel set. Indeed, |B| = |R| < [P(R)|.

Exercises

1. Show that the set of points where f: R — R is continuous is a Gs-set.

2. Show that the set of points where the sequence of continuous functions f,: R — R
converges is an Fs-set.
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Our aim is to construct a notion of the “length” A(S) of a subset S C R. We would like
the following conditions:

1. A(S) is defined and A(S) € [0, 00] for all S C R,

2. M|a, b)) = A((a,b)) = b—a,

3. If S, S, ... are disjoint then A(|J S;) = D> A(S))

4. Ma+S) = A(S) where a+ S = {a+ 2 : 2 € S} is a translate of S.

Unfortunately, no such X\ exists. However, if we drop Condition 1 and only require A to be
defined on a large o-algebra of subsets, then one can construct such a \.

Definition A measure p on a o-algebra A is a [0, oo]-valued countably additive set func-
tion, ie., if S; € A, i € I, are disjoint and I is countable, then u(J,c; Si) = > ;c; #(Si)-
We allow I to be empty (so () = 0), finite, or countably infinite.

Note: We do not allow uncountable unions: Condition 2 implies A({z}) = 0, A([0,1]) =1,

but 3,0 A{z}) = S0 =0.

Lemma 1. Any measure p is monotonic: if A, B € A, A C B, then u(A) < u(B).
Proof. If A,B € A, then B\ A € A and u(B) = pu(A) + u(B\ A) > u(A). O

As our first attempt, we define the Lebesgue outer measure of S C R to be \*(S5) =
inf 05 Y, 1(1;), where the infimum is over all countable unions of open intervals I; =
(a;, b;) that contain S, and I(I;) = b; — a; is the length of I;.

Lemma 2. \* is monotonic, and countably subadditive: if S;, ¢ € I, is a countable
collection of sets then X*(|J; S;) < >, A*(S:).

Proof. Monotonicity is clear. For subadditivity, choose open intervals I;; so that .S; C | i
Since € > 0 is arbitrary, A*(IJ S;) < >, A*(S). O

Lemma 3. If I is an interval then \*(I) = I(I).

Proof. First assume I = [a,b] is closed and bounded. We need to show that if I C (J[;
then (1) < > I(1;). By compactness of I, we can assume there are only finitely many I;.
W.l.o.g., we may assume that no I; is contained in another I, (otherwise remove it, and use
induction on the number of I;). Now order the I; = (a;, b;) so that a; < ay < --- < a, (the
a; are distinct, since if a; = a; then either I; C I; or I; C I;). Now it is clear that b; > as,
by > as, ..., b, >b. Hence (b —ay)+(bg—az)+- -+ (b, —ay,) > b,—a; > b—a as required.
Conversely, I C (a —e,b+¢), 80 X*(I) <b—a+ 2¢ for any € > 0. Thus \*(/) = b — a.
For general intervals, use monotonicity, e.g., A*([a +,b —¢]) < A*((a,b)) < A*([a, b]) and
let € — 0, or A*((—o0,a]) > A*([a — n,a]) =n and let n — oo. O



It is clear now that \* satisfies all the conditions except countable additivity. However, it
is possible to gain additivity at the expense of being defined on a smaller class of sets.

Definition A set X is Lebesgue measurable if for all A C R, A*(A) = M*(ANX)+A*(A\X).
Note we have < by subadditivity, so we only need to check >.

Lemma 4. The collection of Lebesque measurable sets is a o-algebra.

Proof. Clearly () is measurable. Also if X is measurable, then so is X¢. Thus it is enough
to show that if X7, X,,... are measurable, then so is |J X;. Define inductively Ay = A
and A;11 = A; \ X;. By measurability of X;, A*(A4;) = A\ (4; N X;) + A*(A;11). Hence

A(A) = DT A (AN XG) + A (A

However A\ X C A1, so X*(A) > >0 M(ANX;) + A (A\ X). Since this is true for
all n, we have
A(A) = 32 (AN X)) + M (AN X).

However, [J(4; N X;) = AN X, so by subadditivity \*(ANX) <> A (A; N X;). Thus
A(A) > N (ANX)+ (AN X),

as required. (If there are only finitely many X;, set the other X; = ().) O

Lemma 5. The interval (a,o0) is measurable.

Proof. Assume A C | I; and )\*( ) > > U(I;) —e. Now A*(AN(a,00)) <> I(I;N(a,0)),

and \*(A\ (a,00)) < > U(L; N (—00,a)) +((a —e,a +¢)). But I(L;) = I(L; N (a,00)) +
I(I; N (—00,a)). Thus \*(A) > AM(AN (a,00)) + A(A\ (a,00)) — 3e. Since this is true for
all € > 0, (a,00) is measurable. O

Theorem All Borel sets are Lebesque measurable

Proof. Any o-algebra that contains all (a, 00) contains all Borel sets. O
Definition The Lebesgue measure A(S) of a Lebesgue measurable set S is A\(S) = A*(9).

Lemma 6. Lebesque measure is a measure on the o-algebra of Lebesque measurable sets.

Proof. Since Lebesgue measurable sets form a o-algebra and A = \* is countably subaddi-
tive, it only remains to show that if X, ... are disjoint measurable sets, then A(J;~, X;) >
Yo AXG). Let A, = 2, Xi. Then A(A,) = MA,NX,)+AMAN\Xy) = M X))+ A (Ansa).
Thus AM(U;2; Xi) = AMA1) = D00 MXG) + M Ang1) > D00 A(X;). Now let n — oo. O

It is now clear that \(S) satisfies Conditions 2 to 4 at the beginning of this section.
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Lemma 1. IfS is Lebesgue measurable then for all € > 0, there exists an open set U and
a closed set F with F C S CU and AU\ F) < e.

Proof. Assume first that S C [0,1]. Then A(S) > > I(I;) —e > A(U) — e where S C U =
U L, U open. Similarly A([0,1]\ S) > > I(I}) —e > AU’) — €. Setting F' = [0,1] \ U’ we
have F closed, FF C S and A(U \ F) < 2e. For general S, apply this to S, = SN [n,n+ 1]
with e replaced by /2" giving A(U,, \ F,,) < /2", Set U = JU,, F = J F,. O

Lemma 2. If X C R and for all € > 0 there exist measurable F' and G with F C X C G
and N(G \ F) < ¢, then X is measurable.

Proof. Subadditivity and monotonicity gives \*(A\ X) < A*(A\ G) + \*(G \ F). Hence
MN(A) =X (ANG)+ AMA\G) > (AN X)+ N (A\ X) —e. Now let ¢ — 0. O

Note: A*(X) =0 = X is measurable, since ) C X C |J I, with A(UL\0) <> I(L;) <e

Lemma 3. If X is measurable, there exists a Gs-set G and an F,-set F with F C X C G
and \(F'\ G) =0.

Proof. Pick F,, C X C G,,, F, closed, G,, open, A\(G,\ F},) < % Let FF = F,, G=Gh,.
Od

Lemma 4. If X; C X, C ..., with X; measurable, then \(|J;2, X;) = lim,, .o A(X,,).

If X1 D Xy D ..., with X; measurable and A\(X;) < oo, then A2, Xi) = lim,_o0 A(X5,).

Proof. Write Y7 = X; and Y,, = X, \ X,,_; for n > 1, so Y, are disjoint and A\(|J;2, X;) =
MUZ YY) =22, AY;) = lim, >, A(Y;) = lim, A(X,,). For the second part, apply the
first part to Y, = X3 \ X,,. O

Note: If X,, = [n,00), then (2, X; = 0, but lim, A\(X,,) = +oc.
Exercise: Show that the Cantor set C' has measure 0.

Theorem 1. There exists a non-measurable set.

Proof. Define an equivalence relation on [0, 1] by letting x ~ y iff z — y € Q. Construct a
set X consisting of precisely one element in [0, 1] from each equivalence class of ~ (using
Axiom of Choice). Every z € [0,1] is of the form 2o+ ¢, z0 € X, ¢ € QN [—1,1]. Let
Y = Usegnio1g X + ¢, where X +¢ = {zo+ ¢ : 20 € X}. Then [0,1] C Y C [-1,2].
In particular 1 < A*(Y) < 3. Assume X were measurable and A(X) = ¢. Then X + ¢ is
measurable, A(X + ¢) = ¢, and the X + ¢ are disjoint for distinct ¢’s. Hence 1 < A(Y) =
>,c<3. Ifc=0then }  c=0andifc>0then )  c=+o0, a contradiction. O

Definition Define the Cantor function f:[0,1] — [0,1] by writing = in base 3, x =
Yo an3™" a, € {0,1,2}, and setting f(x) = >0, b,27" where ny is the first n for
which a,, = 1, or oo if all a,, € {0,2}, and b, =0 if a,, = 0 and b,, = 1 otherwise.



Exercise: Show that f is continuous, f maps the cantor set C' onto [0, 1], and maps the

set [0,1] \ C to dyadic rationals (rationals of the form 5%, a € Z, n > 0).

Theorem 2. There exists a Lebesque measurable set that is not Borel.

Proof. Take the non-measurable set X from Theorem 1 and remove the (unique) rational
number from X. Then A = f7![X] C C, so \*(A) < A(C') = 0. Hence A is measurable.
The inverse function g(>_b,27") = > 2b,37" is continuous except at dyadic rationals.
Hence if A were Borel, g7'[A] = X would be Borel, and so measurable. O

Definition Suppose S is measurable. A function f: S — R* is Lebesgue measurable iff
fH(a,x]] = {x € S: f(x) > a} is measurable for all a € R.

Extend the Borel sets to R* by setting B* ={BUI[: B € B, I C {—o00,+00} }. Since the
measurable sets form a c-algebra, this implies that f~'[B] is measurable for all B € B*.
However, the inverse image of a Lebesgue measurable set may not be measurable (e.g.,
the function g above). To show a function is measurable, it is enough to show f~![B] is
measurable for any collection of Bs that generate B*, for example {[a,o0] : a € Q}, or
{[—00,a) : a dyadic rational}.

Definition The characteristic function yx of a set X is defined by xx(z) =1if z € X
and yx(z) =0if v ¢ X.

Lemma 4. Suppose S is measurable and f, g, f,: S — R*.

1. Every continuous real valued function is measurable.
2. If f and g are measurable then so are f £g, fg, f/g, if defined.
3. If f, are measurable, then so are inf f,, sup f,, lim f,, and lim f,

4. If X is measurable then xx is measurable.

Proof. 1f f: S — R is continuous then f~[(a,00]] = SN U where U is open, and so SNU
is measurable. If f is measurable and h(z) = —f(x) then h™[(a,00]] = f~!{[—00,a)] is
measurable. If h(z) = 1/f(z) (defined to be +o0, say, if f(z) = 0), then h™*[(a,x]] =
f7Y[0,1/a)] is measurable if @ > 0, and h™~*[(a, o0]] = f~![[1/a,0)¢] is measurable if a < 0.
If h(x) = f(x)?/2 then h™'[(a, o0]] = f~'[[~00, —v/2a) U (v/2a, 0]] (or f~![R*] if a < 0) is
measurable. Now if f and g are measurable and h(z) = f(x) + g(x) is never of the form
00 — 00, then h(z) > a iff 3¢ € Q: f(x) > ¢ and g(z) > a — q. Hence

h™H(a, 00]] = Uyeq(f (g, 00)] Mg~ {(a — ¢, 00]])
is measurable. Now f —g =/ + (=), fg = (f +9)*/2— /2~ ¢*/2 and f/g = (/)(1/g)
are measurable. If f = sup,, fn, then f(z) > a iff In: f,(z) > a. Hence f~!{(a,o0]] =
U, /' [(a,o0]] is measurable. Now inf f,, = —sup(—f,), lim f,, = sup,, inf,>,, fn, and

lim f,, = inf,, SUP,, >y, fn are measurable. Finally Xy l(a,00]] = S, SN X or 0, all of which
are measurable. 0O
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Definition A simple function is a real-valued measurable function f: R — R that takes
only finitely many values, i.e., f[R] is finite.

Definition If f,g: R — R* are two functions, write f > g if f(z) > g(x) for all x € R.
Note that > is a partial order on functions. In particular, we say f is non-negative, f > 0,
if f(x) >0 for all x € R.

Lemma 1. Any simple function can be written in the form f =>""_ | a;xs, where the S;
are measurable and form a partition of R (so in particular are disjoint).

Proof. Let f[R] = {ai,...,a,} and set S; = f~[{a;}]. O

Definition If ¢ = > " | a;Xs, is a non-negative simple function with S; disjoint, define

J o= [gole)de =37 aid(S)).

Note: We could drop the non-negative condition, but we would have to leave [ ¢ undefined
if the sum was of the form oo — co.

Lemma 2. Assume ¢ and 1 are non-negative simple functions.

(a) [ ¢ is well defined and lies in [0, o]

(b) If 6 =4 then [ & = [¢.

(¢c) If ¢ >0 then [cp=c [ ¢.

(d) [(o+v)=[d+ [V
Proof. (b) Let ¢ = > 1" aijxs, and ¢ = 377" | bjxz,. By including extra terms ag = by = 0,
So = (U S To = (UT:)¢, we may assume |JS; = UT; =R. Let E;; = S;NT;. Then the
E,;j are dlSJOlIlt and so Zz )\(E,J) = )\(Uz EZ]) = )\(7}) and Zj )\(E”) = )\(UJ E”> = )\(Sz>
Thus >, a;\(Si) = > aiM(Eyj) and D25 0;A(T) = > bjA(Bij). But if ¢ > ¢ then either
aiijorE,-j:(D. Hencef¢2f1/).
(a) Applying (b) to ¢ = ¢ we see that [ ¢ is well defined. Since ¢ >0, [¢ > [0=0.
(c) Clear.

(d) Defining Ej; as above, ¢ = 3. aixg,;, ¥ = >, bixe, and ¢+ = 37, (@i + bj) Xz,
and . (a; + b)) A(Eiy) = > aid(Eig) + 32,5 bjA(Ei;). The result follows. O

Note that [ Y a;xs, = Y a;A(S;) holds for any a; > 0, and measurable S;. In particular,
we did not need the S; to be disjoint in the definition of [ ¢.

Definition Suppose f: R — R* is measurable and f > 0. Define [ f = [ f(z)dx =

SUPy< ¢ [ ¢ where the supremum is over simple non-negative functions ¢ with ¢ < f.

Example Suppose f(x) = 0 if z is irrational and f(p/q) = q if p/q is a rational number
in lowest terms. Show that [ f = 0.



Lemma 3. Assume f and g are non-negative measurable functions.

(a) If f>gthen [f> [g.
(b) If ¢ >0 then [cf=c [ f.
() [(f+9)=]f+ ]9

Proof. (a) and (b) are clear. For (c), if ¢ < f and ¢ < g then ¢ + 1 is a simple function
and ¢+v < f+g. Thus [(f+g) > [(¢+¢) = [ ¢+ [ 1. Taking supremums over ¢ and 1
glvesf f+9) > [ f+[g. Nowsuppose v =3 a;xs, < f+g. Let N be large and set E; =

{z: &< i )(f;(x) <} (If g(z) = 0 or f(z) = oo, put « in Ey_ 1) Then Ey, ..., Ex_1

is a measurable partition of R. Define ¢ = ZZ] N AiXS:NE; ” N_A}_jaiXSmEj.
Then ¢ < f, ¢ < g, and ¢ + 1 = va Thus [v < N f¢+f¢ Njil(ff—i—fg).
Lett1ngN—>oog1vesfv§ff+fg Hence [(f + g) Sff+fg O

Definition Suppose f is a measurable function. Set f,(x) = max{f(z),0} and f_(x) =
max{— f(z),0} sothat f = fo —f_, [f| = fy+/_,and o, f_ > 0. Define [ f = [ fo—[ f-

provided this is not of the form oo — oco.

Definition A function f is Lebesgue integrable, if f is measurable and [ fi, [ f- < oo
(equivalently [ |f] < o0).

Lemma 4. Assume f and g are measurable functions.
(a) If f>gthen [ f> [g (if both defined).
(b) If ce R then [cf =c [ f (if RHS defined).
(¢c) [(f+9)=[f+[g (if RHS defined).

Proof. For (a) note that f > g implies f, > g, and f_ < g_. For (b), write f = f, — f_
and treat the cases ¢ = 0, ¢ > 0, and ¢ < 0 separately. For (c), let h = f + g and note that
hy+f +g =h_+f,+g,. UseLemma 3(c). O

Definition If S and f: S — R* are measurable, define [, f = [ xs(z)f(z) dx.

Exercises

1. Show that \/LE is Lebesgue integrable on S = (0, 1] (i.e., x(0,1 (x)\/%E is integrable).

2. Show that # is not Lebesgue integrable (on S = R).
3. Show that if f = g a.e., then [ f = [g.
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Lemma 1. If f is measurable then [|f| =0 iff f=0 a.e.

Proof. Let E, = {x : |f(z)] > 1/k}. Then [|f| > [(1/k)xr, = M Ey)/k. Hence if
J1f] = 0 then A(Ex) =0, so (U, Ex) = 0. But U, Ex = {z : f(z) # 0}. Conversely, if
f=0ae.,and ¢ => a;xs, < |f| with a; > 0 and S; disjoint, then for all 4, either a; = 0
or A(S;) = 0. This implies [ ¢ =0so [|f] =supy<s [ ¢ =0. O

Theorem (Monotone Convergence Theorem, MCT) [f 0 < f; < fo < ...
s an increasz’ng sequence of non-negative measurable R*-valued functions and f(x) =
lim,, .o fn(z), then f f=1lim, . f fn-

Note: The limits and/or the [ f, may be +oc.

Proof. Suppose ¢ = > " a;xs, is a simple function with 0 < ¢ < f. Fix ¢ > 0 and let
E, ={x: folzr) > (1 —e)p(x)}. Since fi < fo < ..., clearly Ey C Ey C .... Also,
for any z, f.(z) — f(x) > ¢(z). But ¢(x) is finite, so for some n, f,(z) > (1 —€)o(x).
Thus |J, E, = R. Let ¢, = (1 —¢)pxm, = (1 —¢) > 1", aixsing,- Now ¢, < f, and
lim, A(S; N E,) = A(S;). Hence lim, [ f, > lim, [ ¢, = lim,(1 —&) >, a;\(S; N E,,) =
(1—e) > " a;lim, A(S;NE,) = (1—¢) > aiA(S;) = (1 —¢€) [ ¢. Since this holds for all
e and ¢, lim,, [ f, > [ f. However, f, < f,solim, [ f, < [ fandso [ f=lm, [ f,. O

Theorem (Fatou’s Lemma) If f, > 0 are non-negative measurable R*-valued functions,

Note: We can have <, e.g., f, = 0,1 if n even and f, = x[1 9 if n odd.

Proof. Let gn,(z) = inf,>,, fu(x). Then g,, is an increasing sequence of non-negative
measurable R*-valued functions. Also [ gn, < [ f, for all n > ng, so [ gn, < infysp, [ fa
MCT implies fh_mfn = flimno Gne = limy,, fgno < lim,,, inf,,>p, ffn = h_mf fn- O

Theorem (Lebesgue Dominated Convergence Theorem, DCT) If f, are mea-
surable functions which converge a.e. to f(x), and |f,(z)| < g(x) where [ g < oo, then

[ f=1lm [ f,.
Note: Dominating f,, by g is important, e.g., theorem fails for f,, = X[nn+1]-

Proof. Applying Fatou to g+ f, > 0 gives lim [(g+ f,,) > [lim(g+ f.) = [(9+ [). ence
[f< hmffn Applying Fatou to g— f,, > 0 gives lim [(g— f,) > [lim(g—fn) = [(9—
Hence lim [ f, < [ f. Thus [ f <lim [ f, <lim [ f, < [ f,solim [ f, = [ f. EI

Definition Assume f,, and f are measurable functions. Recall that f, — f a.e. if

M{z: fulz) /A f(2)}) =0. Wesay f, — f in mean if [|f, — f| — 0 as n — co. We say
fn — [ in measure if Ve > 0: Ing: Vn > ng: A{z : |fu(z) — f(2)] > e}) <e.



Examples

1. Convergence in mean always implies convergence in measure.
(IEX{z : |fo— f]| > €}) > e then [|f, — f] > %)
2. If f, = na™ on [0, 1] then f,, — 0 in measure and a.e., but not in mean.

3. If fu = X[ty then f, — 0 a.e., but not in mean nor in measure.

4. T fr = X{aj2¥ (a+1)/24] Where 2F <n =28 +a < 2" then f, — 0 in mean and in
measure but not a.e.

5. If fo = 2"X(a/2k (ar1)/2) Where 28 <n = 2% 4+ a < 2" then f, — 0 in measure but
not in mean nor a.e.

Lemma 2. If f, — f in measure, then there exists a subsequence such that f, — f a.e.

Proof. Choose an increasing sequence ny so that A({z : |f,, () — f(z)| > 27%}) < 27~
Let Ej, = {z : |fn,(z) — f(x)] > 277}, Then when k > j, A(Ej;) < 27 so for kg > j,

)\(UkaO Ej) < 2'7% and thus )\(ﬂko UkaO E;;) = 0. But then £ = Uj ﬂko UkaO Ej
has measure zero. But this is just the set of points x where f,, (x) /4 f(x). O

Corollary DCT also holds if we assume f, — [ in measure.
Lemma 3. Assume |f,| < g, [min{g, 1} < oco. If f, — [ a.e., then f, — f in measure.

Note: Hypothesis is satisfied (by g = co.xg) if f, is zero outside S and A(S) < oc.

Proof. Fix 0 < e < 1. Let E, = {z : [fu(z) — f(2)| > e}. Now |J,~,,, En is decreasing in
no and since f, — f a.e., AN,y Upsn, Bn) = 0. But if z € E, then g(x) > £/2. Hence
Jmin{g, 1} > (¢/2)AMU En), s0 M(U,;5, En) < 00. Thus AM(U,;5,, En) — 0. Hence there is

an ng with A\(J E,) <e. SoVn >ng: N{x: |fu(x) — f(2)| > €}) = M(E,) < e. O

n>ng

Summary: ‘a.e.’=‘in measure’ if the f, are bounded horizontally, ‘in measure’=‘in mean’
if the f,, are bounded in the plane, and ‘in mean’=-‘in measure’=-‘a.e. on a subsequence’.

Exercises

1. Show that if f, > 0 are measurable, then Y o~ [ f, = [ >0 fo.

2. Show that if f > 0 is measurable then [~ f(z)dz =lim, .o [" f(z)dz.
3. Show that if f > 0 is integrable then F(z) = [~ f(x)dx is continuous.
4

. Suppose f, >0, f, — f ae,and [ f, — [ f. If S is a measurable set, show that
fs fo — fs I
5. Suppose that f,, and f are integrable. Show that if f,, — f in mean then [ f, — [ f.
Is it true that if [ f, — [ f and f,, — f a.e., then f, — f in mean?
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Definition A step function on [a, b] is a simple function of the form ¢ = Y | a;xs, where
the S; are intervals. Equivalently, there exist a finite partition a = ag < a1 < --- < a, =b
with ¢ constant on each of the intervals (a;, a;41).

Definition Suppose f: [a,b] — [— K, K] is a bounded function on the finite interval [a, b].
The lower Riemann integral of f is r[ f = SUPy< f | ¢ where the supremum is over all step

functions ¢ with ¢ < f. The upper Riemann integral of f is Rf f =infs>y [ ¢ where the
infimum is over all step functions ¢ with ¢ > f. If r[ f = r[ f then we call f (properly)

Riemann integrable and define the (proper) Riemann integral r[ f = r[ f = Rf_ f.

Example xgq is not Riemann integrable on [0, 1] since if ¢ > xq and ¢ is a step function
then ¢ > 1 except at a finite number of points. Thus r[fxg = 1. Similarly r[§xg = 0.

Strictly speaking, the above definition is a minor variant of the Darboux integral, which is
normally defined as the common limit of L) = > m;(ai41—a;) and U,y = > M;(ai41—a;)
where M; = SUD ¢4, 4,,,) f(*) and m; = inficpo, o,,y) f(2). The limit is taken over finer and
finer partitions of [a, b] (i.e., over any sequence of partitions where max|a;+; — a;| — 0).
We call f integrable if both limits exist and are equal. In fact, both limits always exist
and are independent of the partitions provided max|a;41 — a;| — 0. In particular, one
can assume the partitions are regular, a; = a + (b — a)%. To see this, note that if a =
ay < --- < a,, = b is another partition with max|a],; — a| < emin|a;1; — a;], then
Ly —2e(b—a)K < Ly < Uy < Ugq;) +26(b—a)K. Hence by choosing a L) close to
SUD(q,) L(a;) < 00 we see that every sufficiently fine partition gives a value of L, close to
SUD (4,) L(a;) = Supy<s [ ¢. Similarly for Uy

The Riemann integral is defined as the limit of Y f(x;)(a;z1 — a;) where z; € [a;, a;1].
The limit is taken over finer and finer partitions (max |a;+1 —a;| — 0)), and f is integrable
if the limit exists and is independent of both the sequence of partitions and the choices of
the x; for each partition. By choosing x; so that f(z;) is close to m; = infycpq, s, f(2)
or M; = SUD,e(q, 4;.,) f(¥), it is clear that this is equivalent to the Darboux integral. In
particular, we may fix the sequence of partitions. It is also possible to fix x;, e.g., as
x; = a; (left Riemann sum) or z; = a;41 (right Riemann sum), but we cannot then fix the

sequence of partitions, e.g., 2 = f02 Xq # foﬂ Xo + fjﬁ Xo = 0 if we use z; = a; and a
regular partition.

The Riemann, Darboux, and the variant of the Darboux integral defined above are all
equivalent, however the version I am using is easier to work with.

Note that the MCT and DCT do not hold for Riemann integrals: Enumerate the rationals
in [0,1] as q1,¢2, . .., then R X(qg...qn} = 0 but B[ xgnp, is undefined.



Theorem Assume f: [a,b] — [—K, K] is a bounded function. Then f is properly Riemann
integrable iff f is measurable function which is continuous a.e.. In this case rR[°f = [ f.

Proof. =: If f is not continuous at x € (a,b) then x € Ej for some k, where Ej, = {x :
V open intervals I with z € I C [a,b]: sup; f —inf; f > 1/k}. Let € > 0 and pick step
functions ¢ < f < with [¢ — [ ¢ <e/k. If & € Ej, is not one of the finite set of points
at which either ¢ or ¢ jumps, then ¢(z) — ¢(z) > 1/k. Thus \(Ey)/k < [(¢ — ¢) < e/k.
Hence A\(Ey) < € for all ¢ > 0, and so A(Ex) = 0. Thus A(|J Ex) = im A\(E;) = 0 so f
is continuous a.e.. Since continuous functions are measurable, f is measurable on a set of
the form [a,b] \ E, where A(E) = 0. Thus f is measurable on [a, b].

<: Let E be the set of discontinuities of f. Then A(E) = 0 and so E C U where U is
open and A(U) < e. Set F' = [a,b] \ U. Then F' is closed and bounded and f is continuous
on F. Thus 3§ > 0: Vz € Fiy € [a,b]: |x —y| < 0 = |f(z) — f(y)| < e. (Note: this
is slightly stronger than uniform continuity since we do not require y € F. However the
proof of this result is the same as the proof that continuous functions on closed bounded
sets are uniformly continuous.) Choose a partition a = ay < a3 < -+ < a, = b with
laiv1 — ai| < 6. If [aj,a;0) NF =0, set ¢ = —K and ¢ = +K on [a;,a;41). Otherwise,
pick z € [a;, a;41)NF and set ¢ = f(z) —e and ¢p = f(2)+¢ on [a;,a;41). Then ¢ < f <)
and [(¢ — ¢) < 2Ke 4 2e(b — a). This can be made arbitrarily small by suitable choice
of e. Thus f is Riemann integrable. Finally [¢ < [ f,r[f < [¢,s0 [ f=Rr[]. O

One can extend the Riemann integral to more general functions by introducing the improper
Riemann integral. For example, if f is bounded on each interval [a + ¢, b] but not on [a, ],
we define r[? f = lim._o+ &%, f if this limit exists.

Example The function f(z) = %cos% is improperly Riemann integrable on [0, 1]. since
f: f=[-zsini] +f€1 sin £ dz which tends to a limit as ¢ — 0. However, f is not Lebesgue
integrable since fol |f] = oc.

It is true however that if the (improper) Riemann integral and Lebesgue integral both
exist, then they are equal.

One can modify the definition of the proper Riemann integral in such a way that it includes
both improperly Riemann integrable functions and also Lebesgue integrable functions. If
f:]a,b] — R is any function (not bounded in general), we define the Gauge Integral
(a.k.a. Generalized Riemann Integral, a.k.a. Henstock-Kurzweil integral, a.k.a. Denjoy-
Perron integral) of f to be L if for all € > 0, there is a positive function d: [a, b] — (0, 00)
such that whenever we have a partition a = ag < a1 < --- < a, = b, and points z; €
la;, a;p1] with |a;41 — a;| < (), then | f(x;)(air1 — a;) — L] < . Note that this differs
from the Riemann integral only in the assumption that § may depend on the z;. The Gauge
integral does satisfy some nice properties, (a version of DCT holds), but not as many as
the Lebesgue integral. Also, both the Gauge and Riemann integrals to not generalize well
to integration over more general spaces, whereas the Lebesgue integral is defined on any
space with a measure.
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Definition A function f: [a,b] — R is of bounded variation if there exists a K such that
foralla =ap <ay <+ <a,=0b, > |fla;) = flais1)| < K.

Lemma 1. A function f: [a,b] — R is of bounded variation iff f = g — h for some
increasing functions g, h: [a,b] — R.

Proof. Define h(z) =supy . |f(a;) — f(a;—1)| where the supremum is over all n and all
partitions a = ag < a; < --- < a, = x of [a,x]. If y > z then h(y) > h(z) +|f(y) — f(x)],
since any partition a = ay < a3 < -+ < a, = =z, gives rise to a partition a = ay <
a; < -+ < a, =2 < apy1 = y. If fis of bounded variation, then h(z) < h(b) < oo
for all © € [a,b], and both h and ¢ = f + h are increasing. Conversely, if f = g — h
and g and h are increasing and y > x then |f(y) — f(x)| < g(y) — g(x) — h(y) + h(x), so

S f(a) = flaia)| < K = g(b) — g(a) — h(b) + h(a) < co. 0

Definition A function F': [a,b] — R is absolutely continuous if for all € > 0 there exists a
d > 0 such that whenever (a;,b;), i = 1,...,n, are disjoint intervals with > ", (b; —a;) <
then Z?:l |F(b,) — F(az)| < e.

Lemma 2. If f: [a,b] — R is absolutely continuous then f is continuous and of bounded
variation.

Proof. Pick § corresponding to ¢ = 1 in the definition of absolute continuity. Fix K >
(b—a)/d. For any a = ay < - -+ < a, = b we may add division points a,, = a+i(b—a)/K.

Now > 70 1 (aj—aj1) < 0,50 3770 | f(a;)— f(aj—1)| < Land D77, |f(ai) = flai1)| <
K. Hence f is bounded variation. (Uniform) continuity follows by taking n = 1 in the
definition of absolute continuity. O

Example The Cantor function is continuous and of bounded variation, but not absolutely
continuous. (Take the (a;,b;) to be the 2" intervals of length 37" defining the nth stage of
the construction of the Cantor set. Then Y |F(b;) — F(a;)| = 1 but > (b; — a;) = (2/3)").

Exercise: Assume f and g are absolutely continuous and h is absolutely continuous and

monotonic. Show that f(h(z)), f+g, f—g, fg, [/g (if g #0), |f], fi, and f(2)* (a € R,
f > 0) are all absolutely continuous.

Lemma 3. If f is integrable, then Ve > 0: 30 > 0: A(S) <d = [,|f] <e.
Proof. Pick simple ¢ = > a;xs, < |f] with [ ¢ > [|f] — /2. Let § =¢/(2maxaq;). O
Corollary If f: [a,b] — R* is integrable, then F(x) = [ f(t)dt is absolutely continuous.

Proof. 320, [F(b) = Fla)| = X1 [ fI < S [y 11 = Js|f| where S = Ulai, b,). Now
apply Lemma 3. O
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Lemma (Vitali) Suppose S is set of finite measure and I is a collection of intervals with
the property that for all x € S, and all € > 0, there exists a non-trivial interval I € T with
z €l and \(I) <e. Then for alle > 0, there exists disjoint I, € T with N(S\U,_, I;) < ¢.

Proof. We can assume w.l.o.g., that the intervals are closed. Pick an open set U O S
of finite measure. Inductively define I, € 7 with I, C U and I,, disjoint as follows. If
S C Ui, I, we are done. If S € |J;_, I, then if x € S\ U}, I; there exists an I € T
with 7 C U\ U}, I;. Pick I,,11 so that A(I,,11) > 3 sup; A(I) where the supremum is over
I'eZ with I CU\U, L. Now > 2 AI;) < AU) < o0, so we can pick N such that
S v ML) < /5. Suppose x € S\ UN, L. Pick I € T with x € I C U\ Y, ;. Since
> A(L;) < oo, there must be an n with A(1,,) < A(I)/2. But then either I would have been
chosen as a I, for some m, or it intersects some I,,, with N < m <n and A\(1,,) > A({)/2.
In either case I C J,, where J,, is the interval of length 5A(I,,) centered on I,,. Hence

ASA\UL) £ MU Jn) S5 m) = . 0
Lemma 1. If F: [a,b] — R is increasing then F' exists a.e., and ff F' < F(b) — Fl(a).

Proof. Let E,, = {x : lim;_, w <u<wv<lim,_g w} If F'(z) does not
exist then for some rationals u and v, x € E, . Thus it is enough to show that A\(E, ) = 0.
Assume A\(E,,) = s > 0 Pick an open U 2 E,, with A(U) < s+ ¢. For each 2z € E,,
there are arbitrarily small intervals [a,b] = [z,2 + h] or [v — h,z] with = € [a,b] C U and
F(b) — F(a) < u(b—a). Let V =LY, (as, b;) where the I; = [a;, b;] are a disjoint family of
such intervals with A(E,, \ V) <¢, (so s —e < A(V) < s+¢). Now for each z € E, ,NV,
there are arbitrarily small intervals [c,d] = [x,x + h] or [x — h,z] with x € [¢,d] C V and
F(d)—F(c) >v(d—c). Let W = Uj]\il(cj, d;) where the J; = [¢;, d;] are a disjoint family
of such intervals with A((E,, NV)\ W) < e (so A(W) > s — 2¢). Now since the J; are
disjoint and each is contained in some I;, Z;\il F(dj) — F(c;) < oY, F(b) — F(a;). but
then vA(W) < uA(V), so v(s —2¢) < u(s+¢). Since this holds for all € > 0, vs < us. But
v >u, so s =0. Thus F”’ exists a.e..

Let fu.(x) = n(F(xz+ 1/n) — F(x)) (extend F' by setting F(x) = F(b) for x > b). Then
fn — F' ae., and f, > 0 since F is increasing. Now by Fatou, fab F' = fabh_mfn <

lim [ f = limn( [T F = [} F) =lim(n ;7" F —n [ F) < F(b) - F(a). O

Corollary If F': [a,b] — R is absolutely continuous then F' exists a.e..

Proof. F absolutely continuous = F'is of bounded variation = F is the difference of two
increasing functions = F” exists a.e.. O

Example If F is the Cantor function, then F' = 0 a.e., but F'(1) — F(0) = 1.



Lemma 2. If F: [a,b] — R is absolutely continuous and F' = 0 a.e., then F is constant.

Proof. Pick ¢ € (a,b]. We need to show that F(¢) = F(a). Pick e > 0, and let § > 0
be as in the definition of absolute continuity. Let S = {z € (a,c¢) : F' = 0}. Then for
all x € S there exists arbitrarily small intervals [p, q] = [,z + h| or [x — h, z] such that
|F'(q) — F(p)| < e(q — p). Hence, by Vitali, there is a partition a = go < p1 < @1 < p2 <
@ < - < Py < qn < ¢ = pysuch that |F(q) — F(pi)| < e(¢; — pi) and > (¢; — pi) >
A(S) — 6 = (c—a) — 6. But then > (pir1 — @) < d. But then Y |F(pit1) — F(q)| < e.
Thus |F(c) — F(a)| < &+ e(c— a). Since this holds for all ¢ > 0, F(c) = F(a). O

Lemma 3. If f: [a,b] — R* is integrable and ff f =0 for all z € [a,b], then f =0 a.e.

Proof. Assume that Sy = {z : f(z) > 1/k} has positive measure. Then there is a closed
set [/ C S with A\(F) > 0, and so [, f > AF)/k > 0. Write U = (a,b) \ F. Then U
is open and [, f = — [, f # 0. Now U is a countable disjoint union of intervals (an, b,)

and by DCT [, f = 3> [ f # 0,50 [/" f # 0 for some n. But then either [ f # 0

or fab” f # 0, a contradiction. Similarly S}, = {z : f(z) < —1/k} has measure zero, so
U, (Sk U S,) ={z: f(z) # 0} has measure zero. O

Theorem (1st Fundamental Theorem of Calculus) If f: [a,b] — R* is integrable
and F(z) = [T f(t)dt then F is absolutely continuous, differentiable a.c., and F' = [ a.e..

Proof. W.l.o.g., we may assume f > 0. We know F' is absolutely continuous, so F' is
continuous and F’ exists a.e.. First assume that f is bounded, f < K. Let f,(z) =
n(F(x 4+ 1/n) — F(x)). Then |f,] = |nf;+1/nf| < K and f, — F’ a.e., so by DCT,
JEF =i [ f, = lim(n [TTF < [TV F) = F(2) - F(a) = F(x), since F is
continuous. Now drop the condition that f is bounded. The function f,(x) = min{ f(z),n}
is bounded, and if F,,(z) = [ f, then F(z) — F,(z) = [ (f — fa) is increasing in 2. Hence
(F—F,) >0ae,so [[F > ["F, = F,(z) for all n. Thus [’ F" > F(z). But F
is increasing so [*F' < F(z) — F(a) = F(z) by Lemma 1. Hence [’ F' = F(x), so
JZ(F' — f) =0 for all z € [a,b] and thus F’ = f a.e. by Lemma 3. O

Theorem (2nd Fundamental Theorem of Calculus) If F: [a,b] — R is absolutely
continuous, then F' exists a.e., is integrable, and fab F'(t)dt = F(b) — F(a).

Proof. F' is of bounded variation, so F' = G — H where G and H are increasing. Thus, by
Lemma 1, F' = G'— H' exists a.e., and [ |F'| < [(G'+H') < G(b)—G(a)+H(b)— H(a) <
0o, so F' is integrable. Let Fy(z) = [7F'. Then Fy — F is absolutely continuous and
Fj—F" =0 a.e., thus Fy—F is constant by Lemma 2. Hence fab F' = Fy(b) = Fy(b)—Fy(a) =
F(b) — F(a). O
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Definition A function ¢: (a,b) — R is convex if for all x,y € (a,b) and p € [0,1],
o(pr + (1 — p)y) < pd(z) + (1 — p)o(y).

Lemma 1. If¢: (a,b) — R is conver, a < a; < b; <b fori=1,2 and a3 < ag, by < b,
then 2bL=¢(a1) < Plb2)—¢(az)

b1—a1 ba—as
Proof. Set pp = $=%. Then ¢(b1) = ¢(uby + (1 — p)ar) < pe(bs) + (1 — u)¢(ar). Rear-

ranging gives ¢>(b23:il(a1) < (big fl‘”) Similarly ¢(b22 al(‘“) < ¢(b22) fi Combining these

inequalities gives the result. O

Lemma 2. ¢: (a,b) — R is convex iff for each ¢ € (a,b) there is a linear function
Ye(x) = me(x — ¢) + ¢(c) with Y.(c) = ¢(c) and Y. < ¢ on (a,b). In this case, m. is an
increasing function of ¢, and ¢'(c) = m. except at a countable number of points.

Proof. <: Let ¢ = px + (1 — )y and consider ¢.(x) = m(x — ¢) + ¢(c). Then pp(x) +
(1= wo(y) = ppe(r) + (1 — w)te(y) = Ye(c) = ¢(c).
=: Let m_(c) = sup,_, 229 and m_ (¢) = inf,s. ‘b(””;_qﬁ(c) Then by Lemma 1 m_(c) <

o pa)=0(e) <

my(c). Any m. € [m_(c),my(c)] will do to define 9.. Also, by Lemma 1
increasing in x, so my(c) = lim, .+ %:f(c) If d > ¢ then by Lemma 1, m(c) < m_(d),
so the intervals (m_(c), m4(c)) are disjoint for distinct values of ¢. Since any non-trivial
open interval contains a rational, m_ = m, = ¢’ for all but a countable number of values

of c. O

Lemma 3. If ¢: (a,b) — R is convez, then it is absolutely continuous on every closed
interval [c,d] C (a,b).

P?“OOf. Pick x < Yy, T,y € [Cad]' Then mc(y - $) < mm<y - l’) < %(y) o %(35) <

P(y) = o(x) < Py(y) — ¢y(y) < myly — ) < ma(y — ). Hence |¢(y) — ¢(z)] < My — x|
where M = max{|m.|, |mq|}. Hence if > |b; —a;| < d then Y |o(b;) — P(a;)| < MJ. Taking
d = e/M gives absolute continuity. O

Lemma 4. If ¢: (a,b) — R is differentiable and ¢’ is increasing, then ¢ is convex.

Proof. Let () = ¢(x) — ¢'(¢)(x — ¢). Then ¢ > 0 for x > c and ¢/ < 0 for z < ¢. But
then ¢(x) > 0 for all € (a,b) (Mean Value Theorem). Result follows from Lemma 2. O

Theorem (Jensen’s Inequality) If f: [a,b] — I is integrable and ¢: I — R is convex

then
b_a/gb dt>¢><b_ /f dt)

Proof. Write ¢(z) > ¢(c) + m(xz — ¢) where ¢ = ;- fa f(t) dt, and integrate. O
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Definition If f is measurable, the essential supremum esssup f = inf{c: f(z) < c a.e.}.

Definition Assume f is measurable. For 1 < p < oo, define | f||, = ( |f|p)1/p. If p = o0,
define || f||ooc = esssup | f].

Note: For 1 < p < o0,
(0) if f =g ae., then | f[l, = [lgll,-
(1) |Ifll, = 0 and if || f||, = 0 then f =0 a.c..
(2) If p € R then [[pfll, = |ul[l f]],-

Theorem (Minkowski) If 1 <p < oo, then ||f+ gll, < fll, + llgllp,- For 1 <p < oo,
equality (if finite) occurs iff f and g are proportional a.e..

Proof. The case p = oo is clear, so assume p < oo and set a = || f||,, 8 = ||g][,- W.Lo.g.,
0<a,f<oo Let p=af(a+p),sothat 1 —pu = p/(a+ (). The function x — |z|? is
convex on (0,00) for p > 1, so

1f 49" =L+ (10— )% |" < plL]"+ (- )|

Integrating gives

1+ gllz < il 1+ (1 = e 12 = e+ By + (1 = m)(a+ B)” = (a+ B
Now take pth roots to get ||f +gll, < a + 6 = | fll, + lglly- 1f p > 1 then & — |]? is

strictly convex, so equality implies i ﬁ a.e.. O
Definition A normed space is a real vector space V' with a norm || - || with the following
properties:

(1) ||v]| € [0,00) and |jv]| = 0 iff v = 0.
@) lluoll = lullv]) where 4 € R
(3) llu+ ol < flull + [lv]

The functions || - ||, are not quite norms since they may by oo and are zero if f =0 a.e.,
rather than if f = 0. We can construct a vector space on which they are norms as follows.

Definition Let S be a measurable subset of R. Define LP(S) = V/~, where V = {f: S —
R* : f measurable with ||f||, < oo} and f ~ ¢ iff f = g a.e.. V is a vector space under
pointwise addition and scalar multiplication. If we set Z = {f € V' : f = 0 a.e.}, then Z
is a vector subspace of V' and V/~ = V/Z is the quotient vector space. Since ||f||, only
depends on f up to ~, || - ||, defines a norm on L*(S).

Note: L'(R) is the set of integrable functions and L>(R) is the set of bounded functions
(up to = a.e.).



Definition Let [? be the vector space of infinite sequences (z,)52, with ||(z,)], =
(3" a2)VP (or sup|z,| if p = oo) finite. Addition and scalar multiplication are compo-
nentwise.

Exercise: Show that Minkowski’s Theorem holds for [?, making it a normed spaces with
the norm || - ||,

Examples
1. Suppose A(S) < oo and p < ¢, then f € L(S) implies f € LP(S).
2. Suppose p < g, then (z,) € [P implies (x,) € 9.

3. f(z) = 2= € LP([0,1)) iff @ < 1/p. In particular, if p < ¢ then 2=/7 € LP(]0,1])
but z=Y4 ¢ LI([0,1]).

4. f(z) =27 € LP([1,00)) iff @ > 1/p. In particular, if p < g then 27/ € LI([1, 00))
but 277 ¢ LP([1,00)).

5. Similarly, (z,) = (n™®) € I? iff & > 1/p. In particular, if p < ¢ then (n~/?) € 17 but
(n—l/p) ¢ P

Lemma (Young’s Inequality) If p,q > 1, a,b > 0 and %D + i =1 then ab < %p + %.

Equality holds iff aP = b9.

Proof. The function f(t) = a?(1=9b% = aP(b?/aP)! is convex in t (exponential function).
Expand f(p0 + (1 — p)1) > uf(0) + (1 — ) f(1) when p = 1/p. For equality, f must be
linear (constant). O

Theorem (Hélder’s Inequality) If 1 < p,q < oo with }10 —1—5 =1, and if f € LP(R)
and g € LY(R) then

1591 < 151blgle
Equality holds iff fP is proportional to g? a.e..
Proof. For 1 < p,q < oo integrate Young’s inequality with a = f/||f|, and b = g/||g|l,-
The case p =1, ¢ = o0, is clear. O
Exercises

1. Derive an analogue of Holder’s inequality for sequences.
2. Show that fol Vat + 422 + 3dx < /10 using Hélder’s inequality.

3. Show that if f(x) > 0 then (fol f(z) dx) (fol f(x)™! d:):) >1
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Definition A sequence of vectors v, in a normed space converges to v iff ||v, —v|| — 0 as
n — 00. A sequence (v,) is a Cauchy sequence if Ve > 0: Ing: Vn,m > ng: ||v, — vy < €.
Note that any convergent sequence is a Cauchy sequence.

Definition A normed space is complete if every Cauchy sequence converges. A complete
normed space is also called a Banach space.

Definition If f,, f € L? then f, — f in mean of order p if f,, — fin LP, ie., || f.—fll, —
0. Note, ‘convergence in mean of order 1’ is just ‘convergence in mean’, and ‘convergence
in mean of order co’ is a.e. uniform convergence.

Examples Assume 1 <p<r < g < oo.

(a) If fu(x) = n"/"Xp0,1/m then || full, — 0, but | folly — oo

(b) If gu(x) = n™"" X0, then [|gally — 0, but [|gall, — co.

(c) If (z,) € 1P then ||(x)|lg < |[(xn)|lp- [Scale so that ||(z,)]l, = 1.]

(d) If f € L9(S), M(S) < oo, then ||f|l, < || f]l,A(S)YP~4. [Use Hélder.|

Lemma 1. A normed space is complete iff every absolutely convergent sum is convergent,
. N
B, Yoo lonll < oo = D7 v, converges to some v as N — oo.

Proof. =: If uy = SN vy, then [u, — || < > lvill — 0 as min{m,n} — ooc.
Thus (u,) is a Cauchy sequence, so converges.

«: If (v,) is Cauchy, then there is a subsequence (v,,) with ||v, —v,,|| < 27 for all n > n;.
Let up = vy, and u; = vy,,, — vy, for i > 0. Then ) [Ju;|| < oo, so Z?:OI = Uy, converges
to v, say, as N — oo. But for all n > n;, [|v, —v|| < 27" + [|v,, — ]|, 80 v, — . O

Theorem (Riesz-Fischer) L*(S) is complete for 1 < p < oo.

Proof. Suppose X35, | full, = L < 0. Let gu(@) = S, [fu(@)] and g(z) = 5332, 1fu(o)]
Since |[|flll, = IIfllp, llgnll, < L for all N. If p < oo, then [|gy[P < LP and |gn|P is
increasing, so by MCT [ |g|f < LP < co. But then g(z) < oo a.e.. Similarly, if p = oo,
gy < La.e.,sog=Ilimgy <L ae.. But when g(z) < oo, > |f.(z)| converges. But then
flw) = 3%, falx) converges a.e., and |f| < |g|. If p < oo then [f — 300, ful” < gl
so by DCT [|f — 2N fulP — 0 and 3°°°, f, converges to f in LP. Similarly if p = oo,

|f — 25:1 fal <3081 I falleo ave., so D707 fy converges to f in L. O

Approximating functions in L,

Just as any real is a limit of rationals, it is sometimes convenient to express an element of
L? as a limit of functions of a special form.



Theorem If 1 <p<oo, f € LP(R), and e > 0 then
(a) there is a simple function ¢ € LP with ||¢p — f||, <e,
(b) there is a step function i € LP with ||[¢ — fl|, <e,
(c) there is a continuous function g € LP with ||g — f||, < €.

Proof. (a) Let ¢n(z) = 55, —n2" < a < n2" be the closest value to f(z) with [¢(z)] <
|f(z)|. Then |¢, — f|P < |f|P and ¢,, — f a.e.. Thus by DCT ||¢,, — f||, — 0.

(b) By (a) and linearity it is enough to approximate x g with a step function. Since ygs € L?,
A(S) < oco. Thus there is a finite disjoint union of intervals U with A(S A U) < €. But
then ||xs — xvllt = [ Xsay < € and xy is a step function.

(c) By (b) and linearity it is enough to approximate x[,; with a continuous function. Let
g(x) be a piecewise linear function with g(a —e?/4) = 0, g(a + P /4) = g(b — P /4) = 1,
g(b+e7/4) = 0. Then |lg — X} < & m

Part (a) also holds for p = oo, but (b) and (c) fail. However, we do have:

Theorem (Lusin’s Theorem) Let f: R — R be measurable. Then for any ¢ > 0 there
is a continuous function g: R — R such that \({z : f(x) # g(2)}) < e.

Note: This is not the same as saying f is continuous on a large set (e.g., consider xq).

Proof. Enumerate the rational numbers as Q = {¢; : i = 1,2, ... }. For each ¢;, find an open
U; and a closed F; with F; C f~[(¢;, 00)] C U; and AN(U; \ F;) < £/2". Let U = |J,(U; \ F5).
Then A(U) < e. Now U is open, so a union of disjoint open intervals (a;,b;). Define
g(x) = f(x) if © ¢ U, and let g be linear on [a;, b;|. Clearly g is continuous at all x € U.
Now assume x ¢ U and n > 0. Pick rationals ¢;, ¢;, with g(z) —n < ¢; < f(z) = g(z) <
¢j < g(x) +n. Then x € U; \ F};, which is open. Thus y € U; \ F} for |y — x| < 0, say. If
y¢ Utheny e F,andy ¢ Uj,s0 ¢; < f(y) =9g(y) < g;. If y € U then y € (a;,b;) for some
i. If this interval is entirely within (x — d,2 + J) then ¢; < g(y) < ¢; since this holds at
both endpoints a; and b; and g is linear on [a;, b;]. There can be at most two such intervals
(a;, b;) that do not lie in (z — §,x + J), and since g is linear on these, one can ensure, by
reducing 0 if necessary, that |g(y) — g(z)| < € for these values of y as well. O

Similarly, although f,, — f a.e. does not imply f,, — f in LP, we do have:

Theorem (Egorov’s Theorem) If f,: S — R is a sequence of measurable functions
that converge a.e., to f: S — R, and A\(S) < oo, then IE: NE) < ¢ and f, — f
uniformly on S\ E (and hence f, — f in LP(S\ E) for all 1 <p < o0).

Proof. Since f, — f a.e., the set Ey = {z : f,(z) / f(z)} has measure zero. Let
Epn = {x € S ¢ |fulx) — f(zx)] > 1/k}. If Vng: In > ng: |fu(x) — f(z)] > 1/k then
fa(z) 7 f(z). Thus for all k, M, U,sn, Ben S Eo. Since AU, Ern) < A(S) < oo,
limy,, AUz pe Bkn) = 0. For each k, pick ny such that A(U,,, Ern) < 0/2%. Set E =
Ur U, Ejpn. Then M(E) < 326/2" = 6. Moreover, if n > ny, then |f,(z) — f(z)| < 1/k
for all z € S\ E. Hence f,, — f uniformly on S\ E. a
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Definition A linear functional on a normed space (V. || -]|) is a linear function F': V' — R,
ie,Va,0 € R, u,v e V: Flau+ fv) = aF(u)+ F(v). A linear functional F' is bounded
iff there is some constant M such that |F(v)| < M||v]| for all v € V. We define the norm
of F' to be the smallest such M:
7= sup S
veV\0

A linear functional is bounded iff it is ‘continuous’, i.e.,
Yo: Ve >0:30>0: Vu: |[u—v|| <d=|F(u) — Fv)|| <e.
To see this, set w = §(u— v), then F is continuous iff
Ve>0:30>0:Vw: |w|]| <1=|F(w)| <e/d.
But this is equivalent to F' being bounded (=: take ¢ = 1. <=: take 0 =¢/M).

Theorem (Riesz Representation Theorem) Let F' be a bounded linear functional on
LP(S), 1 < p < oo. Then there is a function g € LI(S), zla+ % =1, such that

F(f)= /fg for all f € LP(S).
Moreover, for all g € L(S), the above formula defines a linear functional with | F|| = ||g]|,-

Proof. Extending F to LP(R) by setting F'(f) = F(xsf), we can assume F' is a bounded
linear functional on LP(R) with the same norm (|F'(f)| = |F(xsf)| < MlIxsfll, < M| fll,)-
Thus we may assume S = R.

Define ®(z) = F(xp.2)) (= —F(X[z,0) if < 0). Then ® is absolutely continuous on any
finite interval: If I; = (a;, b;) are disjoint and Y A\([;) < (¢/M)? then Y |®(b;) — P(a;)| =
F(f) where f =Y +x;,. But [|f]| = O AL)VP < /M, so |F(f)| < e.

Since @ is absolutely continuous, ®(z) = [} g (= — f;g if z < 0), where g = ®. For any
finite interval I = [a,b], F(x;) = ®(b)—®(a) = [ x79. Thus by linearity F'(xy) = [ xvg for
all finite unions U of finite intervals. If £ C [—K, K] is measurable and A\(E A U,,) < 27",
then xy, — X in LP and a.e., so F(xg) = lim F(xy,) = lim [ xv,9 = [ Xxrg by continuity
of F and DCT (]g| is integrable on [—K, K]). Now by linearity, F(f) = [ fg for every
simple function f supported on [—K, K].

Suppose ||g||; > M = ||F||. Then one can find a K and a simple function g, supported
on [~K, K| with 0 < |go| < |g], sgngo = sgng, and ||golly > M. Now f = (sgn go)|go|*/”
is simple and supported on [—K, K|. By equality in Holder, F(f) = [ fg > [|fg] =
gollqll.fllp > M| f]lp, & contradiction. (For ¢ = oo, take f = (sgn g)x{g/>m}n(-.K]-)

Finally, suppose f € LP. We can find a simple function supported on some [—K, K]
with [[f = ¢ll, < e. Now |F(f) — F(¢)| = |[F(f —¢)| < Me and | [ fg — [¢g] =

|f(f —@)gl < If = éllpllglly < Me. Thus letting ¢ — 0, F(f) = [ fg for all f € L.
Finally, |[F(f)| < [ fllsllgllg: so M = ||[F[| < ||gllq- Thus [|F|| = [|g][4- O



