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Packing Circuits into Ky.
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We shall pack circuits of arbitrary lengths into the complete graph K. More pre-
cisely, if N is odd and 2221 m; = (2’), m; > 3, then the edges of Ky can be written
as an edge disjoint union of circuits of lengths m1,...,m¢. Since the degrees of the
vertices in any such packing must be even, this result cannot hold for even N. For N

even, we prove that if 25:1 m; < (];) — % then we can write some subgraph of K

as an edge disjoint union of circuits of lengths mq, ..., m¢. In particular, K minus
a 1-factor can be written as a union of such circuits when 22:1 m; = (];]) — % We
shall also show that these results are best possible.

1. Introduction

The main result of this paper is the following:

Theorem 1. Let L = 22:1 m;, m; > 3, with L = (1;[) when N is odd and (]g)—%—2 <
L< (];’) — % when N is even. Then we can write some subgraph of Kn as an edge disjoint
union of circuits of lengths mq,...,my.

Note that we only guarantee the existence of circuits (even connected subgraphs) of
the appropriate sizes. We have no control over their exact form, in particular we cannot
ensure that they are all cycles.

Corollary 2. Let L = 25:1 m;, m; > 3, then we can write some subgraph of Ky as
an edge disjoint union of circuits of lengths mq, ..., my if and only if either
1 N isodd, L = (1;[) or L < (g) -3, or
, N\ N
2 N is even, L < (2) -3
Proof. (Assuming Theorem 1).
If L < (];[) —3 (N odd) or L < (N) — & — 3 (N even) then add an extra m; so that

2

L= (2’) or L = (2’) — % respectively. Using Theorem 1 and removing the final circuit

proves the “if”. For the “only if”, assume we have such a packing. The vertices of the
packed subgraph G of Ky must be of even degree, so the vertices of the edge complement
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G° of this graph must have even degree if N is odd and odd degree if N is even. In the
first case G° must have either zero or at least three edges. In the second case G¢ must
have at least % edges since each vertex must have degree at least one. L]

A weaker result was proved in [1], which showed that for " m; < (}) the circuits can
be packed into a complete graph with about 9N/2 vertices.

If we replace “circuits” by “cycles” in Theorem 1 and add the condition that all
m; < N, then we obtain a conjecture of B. Alspach [4]. In general this conjecture is
much stronger than Theorem 1, however since all circuits of length at most five are
cycles, Theorem 1 does imply the main result of [7] which states that this conjecture
holds when all the cycle lengths m,; are three or five.

Theorem 1 has been proved by F. Hwang and S. Lin [9] in the special case when all
the circuits are of the same length. More recently, the stronger Alspach’s conjecture has
also been proved when all the cycles are of equal length [5, 6].

Another application of Corollary 2 is in proving a conjecture of Burris and Schelp on
vertex-distinguishing proper edge-colorings of graphs in the case of 2-regular graphs (see
[1, 2] and especially [3] for details).

2. Notation

Write K, for a complete graph, F,, for an empty graph and C,, for a cycle on n vertices.
If we have a specific set S of vertices in mind, we shall also use notations such as Kg
and Eg. Write K|, = K,, if n is odd and K], = K, \ I if n is even, where I is any 1-factor
of K,,. Here G \ G represents the graph G; with the edges of the subgraph G5 removed.
The graph K/, is the largest subgraph of K, for which each vertex has even degree and it

has (g) or (72’) — 5 edges depending on whether n is odd or even. Write P(vy,v,...,v;)
for the trail of length r — 1 on the vertices v; with edges v;v; 1. Also write C'(vy,...,v;)
for the circuit P(v1,...,v,,v1) of length r. Note that we do not require the vertices v;

to be distinct.

If G; and G5 are vertex disjoint graphs, G; U G2 will denote the union of G; and Gbs.
We also write G; + G2 for the join of G; and Gs, i.e., the graph G; U G5 with all edges
connecting G; and G5 included.

If G; and G5 are graphs, a packing of G1 into Gy isamap f: V(G1) — V(G3) such that
xy € E(Gy) implies f(z)f(y) € E(G2) and the induced map on edges zy — f(x)f(y)
is an injection from E(G;) into E(G2). Note that f is not required to be injective on
vertices, so if (G; contains a cycle or path, its image in G will be a circuit or trail. A
packing will be called ezact if it induces a bijection between E(G1) and E(G2). We shall
write G1 — G2 to mean that an exact packing of G into G exists. With this notation,
the problem is one of packing a disjoint union of cycles U!_,C,,, into K.

We shall write G1.G4 for the union of two graphs which are not disjoint on vertices.
In other words, it is the image of a packing of G; U G5 which is injective on V(G1) and
injective on V(G3), but in which some vertices of G are identified with some vertices
of G5. To make this precise, we shall always make it clear which vertices of Gy are
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Figure 1. Example of linking graphs C4 and Cj.

identified with which vertices in G5. Vertices of G; that are identified will sometimes be
called a link of G;, and we shall call the identification a linking of G; and Gs.

Later on we shall define for some graphs initial and final links as (ordered) sets of
vertices, possibly the same set. In these cases G1.G2 will identify the vertices of the final
link of G with the vertices of the initial link of G2 (in the same order). Clearly this is
only well defined if the two links are of the same size and no edge appears in both links.
The initial link of the resultant graph will be that of G; and the final link will be that of
G2. This makes . an associative operation on graphs (when defined). Similarly, the initial
link of G1 U Gy will be that of GG; and the final link will be that of G5. We shall write
G and GY" for G.G'...G and G U...U G respectively, where in each case there are n
copies of G. We shall sometimes refer to G (or the image of G under some packing)
as a trail of G’s.

Assume we have a graph of the form C,.C} in which two cycles are linked at at least
one vertex. We can pack C,4p into this graph by picking such a link vertex v and going
round C, starting at v, then going round Cj. By induction, if we have a sequence of cycles
Cy,.Ca, ... C,, with each meeting the next in at least one vertex, we can pack a cycle of
length 7, a; exactly into such a graph. We shall use this observation many times in
what follows. We shall call a sequence of (connected) subgraphs in which each subgraph
meets the next a connected sequence of subgraphs. A circular connected sequence will be
a connected sequence in which the last subgraph also meets the first.

If we have an exact packing of a graph G with triangles, then each edge in G belongs
to a unique triangle in the packing. We can define trails, cycles, etc., of triangles as
trails, cycles, etc., (of edges) in which each edge belongs to a distinct triangle. The
existence of a trail of triangles T7,...,T, is stronger than the existence of a connected
sequence of triangles. Indeed, for such a sequence to form a trail of triangles we need
V(L) NV (Tiq1) = {v;} with v; # v; 1. Note that if we define initial and final links of a
triangle as single distinct vertices, then this terminology fits with the previous definition
of a trail of triangles as a packing of T"" (see Figure 4).

Define graphs G, ., for n and r not both odd, to be K, , . with the edges of a subgraph
isomorphic to K/ removed. More explicitly, let R be a set of r vertices and M a set of n
vertices and let Ips (resp. Ir) be a l-regular graph on M (resp. R) when n (resp. r) is

even. Then
Ky + Eg, n even, r odd,
Gnyr =1 (Kpm \In) + Er, n even, r even,
Ky + Iy, n odd, r even.

In all cases, we can write K|, . = G, ,.K] by identifying (linking) R with the vertices
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Figure 2. Examples of graphs Gn,r.

of K/, and identifying Ir with the missing 1-factor of K/ when r is even. Whenever we

have a graph of the form G,, ,, the sets of vertices M and R will be defined as above.
Given a sequence of numbers my, ..., m; with m; > 3, write L = Zle m; for their

sum. We shall define n; to be the number of terms m; that are equal to j, so that

3. The Strategy

The proof of Theorem 1 will be by induction on N, so for many of the lemmas we shall
assume the following:

Induction Hypothesis. The conditions of Theorem 1 hold for N and Theorem 1 holds
for all smaller values of V.

The idea behind the proof is to pack some cycles into K\ K- and the rest by induction
into K, to obtain a packing of all the cycles into K. For reasons of parity, we use the
Gy, defined above with n +r = N instead of Ky \ K, since every vertex of Gy, , has
even degree. We can pack G,, UK, (or G, ,UK]. if nis odd) into K. The advantage of
this approach is that we can choose the subset of cycles that we pack into G, ., leaving
any “awkward” cycles to be packed by induction into K.

One major complication is that an exact packing into G, », may not exist. Indeed, there
may be no subset S C {1,...,t} with ), gm; = |E(G,)|. To allow greater flexibility,
we need to allow some “overflow” out of G, . To be precise, we shall pack our subset
of cycles UjesChy, into graphs of the form G, ,..(U¥_;C,), where we have linked some
extra cycles Cp,,...,C;, to Gy at some vertices of R. The extra cycles and the manner
in which they are linked to G, , are chosen so as to make such a packing possible.

We shall then pack (U¥_;C,) U (UjegeCh; )—the Cy, and the remaining C,,,—into K,
using the Induction Hypothesis. We aim to combine these two packings into one packing
into G,, ;. K, C Kn (or Gy ».K] = Ky when n is odd). However, when packing into Ky,
we must make sure that the packed cycles Cj, in K, meet Gy, at the correct vertices so
that we get a packing of G,, .(UF_,C;,) and U;e:Cyp, into K (see Figure 3) Lemma 3
of Section 4 gives some sufficient conditions that ensure that this is possible. The details
are somewhat technical, but the basic idea is that the strategy works provided that there
are not too many additional cycles Cj, and they are not linked to G, , at too many
vertices.

For small values of n we can write GG, ,» as a connected sequence of squares and triangles.
This and Lemma 3 allows us to prove some special cases of Theorem 1 when we either
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CsUCsg '—>G275.Cg and C3UC7 — K; = CsUCsUC7 — K7

Figure 3. Example with m1 =8, mg =6, m3 =7,1; =3, 5 ={1,2}.

T3 =TT.T 03=0.0.0

Figure 4. A trail of Triangles and a trail of Octahedra.

have a large number of cycles C,,, of certain lengths (Section 4, Lemmas 4 and 5) or if N
is sufficiently small (Section 5). These results are needed to cover some special cases not
handled by the general methods of later sections. However, for more general combinations
of cycle lengths this approach will fail since we would need to link too many additional
cycles C, to G, ;. Instead, for more general combinations of cycle lengths we need to
look at G, , for large n. For these n, G, becomes a much more complicated graph, so
we shall decompose it into simpler graphs.

Our strategy then is to decompose some G, , with n47 = IV into connected sequences
of octahedra (K(). We shall then devise methods of packing our cycles C,,, into such
connected sequences. Octahedra were chosen because they are large enough to allow a
wide range of packings by cycles but sufficiently small to analyze these packings. The
situation is complicated by the fact that in general G, , cannot be packed with octahedra
exactly. Indeed, we will only be able to get such packings when N = 2 mod 4. For other
N, we shall need to pack some other small graphs into Gy, . to fill the “gaps” left by the
octahedra.

Sections 6 and 7 deal with the decomposition of Gy, , into octahedra. In Section 6 we
pack G, , for suitable n and r with trails of triangles. In Section 7, we double up vertices
to obtain packing of some larger G, , with trails of octahedra together will some other
small graphs. Generating octahedra from trails of triangles ensures that the octahedra
are linked together in a suitable manner.

Define O to be the graph of an octahedron, so O = K} = K29 = Ea + Es + Es.
The first F5 will be the initial link and the last F5 will be the final link of O. In fact by
symmetry it does not matter which E5’s are chosen, or the order of the vertices in either
link. The trail of octahedra generated in Section 7 is then a packing of O" = 0.0...0
where the final link of each octahedron is linked to the initial link of the next one (recall
the notation defined in Section 2 and see Figure 4).
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Having packed trails of octahedra into some G, ., we now need to pack our cycles C,,,
into these trails. In general, it will not be possible to group the cycles into combinations
with total length |E(O)| = 12. We therefore need to allow some “overflow” from one
octahedra to the next. This is done in Section 8, where we define the “overflow” graphs
L,, and inductively pack (almost) arbitrary combinations of cycles into trails of octahedra.
The proof of Theorem 1 will follow, at least in the case when N = 2 mod 4. For other N,
G, is not packed completely with octahedra, and we need to pack cycles into some other
small graphs. In the case N = 3 mod 4 these extra graphs are triangles. We can pair the
triangles up with octahedra into trails of the form T.0.T.O ..., and we can handle T.O
in very much the same way as O. The cases N = 2 and 3 mod 4 are proved in Section 9.
For N = 1 mod 4, the extra graphs are K5’s linked at a single vertex. These can also
be packed with a wide variety of cycles. The proof of Theorem 1 in this case is given in
Section 10. Since Kj’s cannot pack every cycle length, we need to handle a number of
special cases separately. These are the special cases in Section 4 described above. The
most difficult case is when N = 0 mod 4. For these we pack cycles into linked G4 4’s. The
graph Gy 4 has 20 edges, which makes packing cycles into G4 4 much more complicated
than octahedra and Kj5’s. Also, G4 4’s cannot be used to pack triangles, so we run into
problems when there are many triangles to be packed. In particular, we need to construct
several special packings to handle the case when NV is small and there are many triangles.
Section 11 gives the details of the proof in this case.

4. Some Packing Lemmas

As described in Section 3, we shall pack some subset U;csCh,, S C {1,...,t}, of the
cycles into a graph of the form G,, ,.(UF_,C;,) and then pack the Cj, and the remaining
C,, into K, using the Induction Hypothesis. We aim to combine these two packings into
one packing into G, ,.K, C Ky (or G, ,.K| = Ky if n is odd). However, when packing
into K, we must make sure that the packed cycles Cj, in K, meet G, , at the correct
vertices so that we get a packing of Gn,r.(Uf:ICli) and UjegeCyy,, into K. The following
lemma gives some sufficient conditions that ensure that this is possible.

Lemma 3. Assume the Induction Hypothesis. Suppose that we can pack some subset of
the cycles UjesChy, exactly into some graph of the form Gn,r-(U?:1Oli) where N =n—+r
and assume the links V(C;,) NV (G, ) are pairwise disjoint subsets of R (of Gy, ). Then
we can pack all the cycles into some subgraph of Ky provided any one of the following
conditions holds.

1 niseven, k<9 and |V(C;,)NR| =1,

2 nisodd, k <3 and V(C},) N R = {v;} where v; are in distinct components of I,
n is even, [V(C,)NR| =1 fori>2,1; =3,4 or5 and k <5, 2 or 1 respectively,
n is even, k <6, [V(C,,)NR| =2 and |V(C;,) NR| =1 fori>2,
n is even, k=2,1; =3 and [V(Cy,) N R| =2 fori=1,2.

v A o

Proof. By the Induction Hypothesis, we can find a packing f which packs the remaining
cycles UeggeCyy, and all the Cj, into K. The conditions on the total length of these cycles
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in Theorem 1 are satisfied since |E(K%)| — |[E(Gp,r)| = |E(K.)| and N even implies r
even. We shall consider the five cases separately.

1. If we take s > 1 of the circuits f(Cj,), then they contain in total at least 3s
edges of K,.. Assume these circuits meet no more than s — 1 vertices. By looking at the
degrees of these vertices we see that (s — 1)[3(s —2)] > 3s. This is not possible when
s < k <9, so the circuits meet at least s vertices. By Halls’ marriage theorem, we can
pick distinct vertices uq,...,ur with f(Cj,) meeting u;. By a suitable identification of
the vertices of K, with those of R, we can assume that V(C;,) N R = {u;}. We now have
a packing of (G, ,.(U¥_;C},)) U (Uies-Crpn,) into some subgraph of G,, ,..K, C Ky by
extending f by the identity on G, . Composing with the given packing of (U;csCh;)
into (G,.(UK_,C1,)) gives the result.

2. Let G be the image of f in K,. Now r is even and N is odd, so |E(G)| = (g) =
|E(Gnr)| = (3) — 5. Therefore the complementary graph I = G must have r/2 edges
and all vertices of odd degree. Hence I is a 1-factor of K, and G = K, \ I. Since
(25 —2)[$(2s — 3)] < 3sfor s < k < 3, each set of s circuits f(C},) meets at least 25 — 1
vertices and hence at least s components of I. Pick w1, ..., u; in distinct components of
I with f(C),) meeting u;. We can now identify G with Kg \ Ig in such a way that [
corresponds to I'p and u; = v;. The result now follows as in part 1.

3. The image f(C},) must be a cycle since [; < 5. We can therefore match the vertices
of V(Ci,) N R with their images under f in K,. To match the remaining vertices, we
need to find distinct vertices us,...,u in K, with f(C},) meeting u; and u; ¢ f(Cy,).
It is sufficient to ensure that s < k — 1 of the other circuits meet at least s + [ vertices
given that a [1-cycle already uses [y edges. This can be checked as above by showing
(s+1—1)[5(s+11 —1)] < 3s+41 holds for 1 < s < k—1 when l; = 3,4,5 and
k <5,2,1 respectively.

4. We must first show that if we pick two vertices w; and w; of Cj, = C(wy,...,wy,),
we can ensure their images under f are distinct. Assume this is not the case and the
image under f is u = f(w;) = f(w;). Modify f on Cj, by cyclically moving its image
vertices one step around the circuit, say fi(w;) = f(w;41) and fy = f on all other
cycles. If the images of w; and w; are still identical, say v’ = fi (w;) = f+(w;), then the
edge uu’ occurs twice in the image f(C,), contradicting the definition of the packing f.
The argument now proceeds as before. We check that any s < k—1 < 5 of the remaining
circuits meet at least s+ 2 vertices (so the matching of vertices to the remaining circuits
avoids the two vertices f(w;) and f(w;)).

5. It is enough to require that |f(Cj, N R)| =2 and |f(C, N R) N f(Cy,)| < 1 since by
cyclically permuting f on Cj, we can then make f(C;, N R) and f(Cj, N R) disjoint pairs
of vertices. Let f(C,) = {u1, uz,us} and C;, NR = {wy, w2 }. Since f(Ci,) € {u1,uz2,us}
we can cyclically permute f on Cj, so that f(w1) ¢ {u1,us,us}. If flws) # f(wy)
then we are done. Otherwise let u = f(w;) = f(ws) and cyclically permute f one step
forward and backwards on Cj, as in part 4 to get fy and f_ with fy (w1) # f(w2) and
fo(w1) # f—(ws). Since f(w1) = f(w2) the points wy and we must be distance at least
three apart on Cj,. Now if fy(w1) = f—(w2) = v’ then we have two edges in Cj, whose
image under f is uu’ contradicting the definition of the packing f. Similarly we can’t
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G2,4 = (04.Cy Gzyg = (C4.Cs G1,4 = (C5.C5

Figure 5. Packing G1,» and G2, with C3’s and Cy’s.

have fi(w2) = f—(wy). Hence, fi(w1), f+(ws2) are four distinct vertices and so at least
one is not in {uy, us, uz}. Replacing f by either fi or f_ then gives the result. Ul

The next two lemmas use Lemma 3 with small values of n to obtain packings in some
special cases when we have enough cycles of lengths divisible by three or four or equal
to seven. Recall that n; is the number of cycles of length j.

Lemma 4. Assume the Induction Hypothesis. If 3 jna; > 1 (N—3) then the conclusion
of Theorem 1 holds.

Proof. The cases when N < 3 are trivial, so assume N > 4. Let n =2, r = N — 2
and consider the graph G, ,. Write R as the union of pairs {a;,b;}, i =1,...,[r/2] and
an extra vertex {c} if r is odd (see Figure 5). Then S; = En + E{q, b,y = E2 + E are
squares. Since the squares are all connected (via M), these form a connected sequence
of squares 51.53...5|,/2). Take each cycle Cp,, with m; = 0 mod 4 in turn and pack
them into m;/4 consecutive squares in this sequence. We continue until we run out of
squares. To pack the last such C),, we may need to link an extra cycle to the vertex
ajr 2], say, to pack all of this cycle exactly. Since the total length of all such Cy,, is at
least 4|r/2|, we shall not run out of these cycles. If N is even, we have used all the edges
of Ga, = Ey + ER and we are done by part 1 of Lemma 3 with £ < 1.

Now assume N is odd. The remaining edges of G2, = Ky + Egr form the triangle
T = Ky + Efey = Ko + Ej. If one of the remaining cycles Cy,,, m; # 0 mod 4, is of
length 3 or > 6, we can pack this into T (linking a cycle C),,_3 to vertex c if m; > 6). By
part 1 of Lemma 3 with k£ < 2 we are done in this case. This also covers the case when
> gng > %(N + 1) and not all of these cycles are squares. (Link a C5 to ¢, and start by
packing a cycle of length m; > 8, m; = 0 mod 4, into this C5, T" and possibly some S;
first. Then pack the remaining C),, with m; = 0 mod 4 into the other S;’s as above.)

Now assume there are two cycles of length 5. We can pack these into Kprygay,b,,c) = Ks
(as C(a1,b1,c,u1,u2) and C(ay,c, ug,by,u;) where M = {uq,us}). Now pack the the
cycles of length m; = 0 mod 4 into S,..., S|, 2] as above. This uses all the edges of
Ga,r, the triangle C(ay,b1,c) and possibly one other cycle linked to a|, ), say. We are
now done by part 3 of Lemma 3 with [; =3, k < 2.

The only remaining cases are when every cycle has length divisible by 4 except possibly
for a single Cs. In this case L = (J;’) =0or 1mod4,so N > 7 and Zjn4j > %((g) —
5) > 2(N 4 1). We can therefore assume we have at least (N + 1) squares. Pack
%(N—E)) squares into Sa, ..., S|, /2|, and 3 squares as C'(ay, u1, uz, b1), C(a1,uz, ¢, az) and
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C(by,u1, ¢, ba). This gives a packing using the edges of Ga , and C(aq,b1,be, c,a2) = Cs.
We are now done by part 3 of Lemma 3 with [y =5, k = 1. L]

Lemma 5. Assume the Induction Hypothesis with N odd. If Y jng; > %(N —1) or
ny > (N — 1) then the conclusion of Theorem 1 holds.

Proof. First assume ) jng; > %(Nfl) andletn=1,r=N—-1.Then G, , = Ki+1Igr
forms r/2 triangles linked by a common vertex. Pack cycles of length divisible by 3 into
this graph in a manner analogous to Lemma 4. We may need to link a cycle to one of
the vertices of R to pack the last cycle. Using part 2 of Lemma 3 with k£ < 1 gives the
result. Now assume n; > %(N —1). Let n=3,r =N —3. Then G3, = K3+ Ip is an
edge disjoint union of /2 — 1 graphs Fs5 + Ko, each of which can be packed with a single
C7, and one K3+ Ko = K5, which can be packed with a C; and a C3. By permuting the
vertices of this K5, we can ensure that the C3 meets R, so by linking a Cj to one of the
vertices of R we can pack another C7. We now have a packing of r/2 +1 = 1(N — 1)

C7’s into G'3,,.Cy. The result now follows from part 2 of Lemma 3 with k= 1. ]

5. Packing Ky for small N.

Since the methods that we shall use in subsequent sections do not always apply for
small N, it will be necessary to give alternative proofs for these N. We include these
proofs first, since some of these results will be useful later. The cases treated here require
long and tedious case by case checking. As a result, we do not include all the details.
Since the methods used in these proofs are not used again (except briefly at the end of
Section 11), the reader may wish to skip the proofs in this section on first reading. For
N <10, most of the cases are also implied by the results in [11].

Lemma 6. Assume the Induction Hypothesis with N < 11, N odd. Then the conclusion
of Theorem 1 holds.

Proof. The cases when N < 5 are clear, so we shall assume 5 < N < 11. Write
each cycle length m; # 5 as a sum of 3’s and 4’s. For example, 11 = 4 + 4 + 3 and
6 = 3+3. All cycle lengths except for 5 can be written in this way (though not necessarily
uniquely). Let ¢, s and pr be the total number of 3’s, 4’s and remaining C5’s so that
L= (g) = 3ty +4sp+5pr. The idea is to pack some of the cycles as connected sequences
of triangles, squares and pentagons in certain explicit constructions.

Assume first that sp > 2(N — 3). If all of the 4’s occur in cycles that are written
without 3’s, then these cycles have lengths divisible by four and we are done by Lemma 4.
Hence we may assume that at least one of the cycles, Cy,, say, is written with both 3’s
and 4’s. Using the construction of Lemma 4 we can write G2 y_2 as a connected sequence
T.S1...8|,/2), where T is the triangle Ky, —l—E{c}. Now pack the cycle m; = 3+7r.445.3
into the triangle and the first r squares. Link, if necessary, a Css to the rth square at a

vertex of R. Proceed with each other cycle in turn that has at least one 4 in its expansion,
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packing at least one square and linking a cycle to a vertex of R whenever necessary. Since
s > %(N — 3), we shall pack the whole of G5 ,.(UC},) where the Cj, are linked to Go ,
at single distinct vertices of R. The result now follows from part 1 of Lemma 3 with
k<3(N-3)<4

Now assume ¢7 > (N — 1). Using the first construction of Lemma 5, we can write
G1,n—1 as a connected sequence of triangles. Pack cycles written with 3’s into this con-
nected sequence linking extra cycles Cj, when necessary at vertices in R. We pack the
cycles written with 3’s only first. Hence if we need to link more than one cycle to G y—1,
each linked cycle will arise by packing a C,,, with m, written with at least one “4”. Since
we can assume s < %(N —3) — 1 < 3, we shall need to link at most three cycles Cj, to
G1 n—1. The cycles Cj, are linked at single vertices to distinct components of I, so we
are done by part 2 of Lemma 3.

Finally, assume pr > (N — 1). Remove (N — 1) C5’s, add a C(y1)/2 and use the
Induction Hypothesis to pack these cycles into Ky_o. (The total number of edges is
(1;) —3N-1)+i(N+1)= (NQ_Q)) By suitably labeling vertices of Ky_o = Kp as
a;, 1 <i< %(N —1land b, 1 <i< %(N —3), we can assume the cycle C(n1)/2 is
packed as C(z, a1, az, ..., a(n—1)/2) where z = by when the cycle is packed as a cycle, and
x = ag in the special case when N = 11 and C(x41)/2 = Cs is packed as two connected
triangles. Now pack %(N — 1) pentagons into Ga n_2.C(n41)/2 as follows:

Clai,u1,bi,uz,a;41), 1<i< %(N -3), and Clai,uz,u1, a(n—-1y/2,),

where M = {u1,uz}. This uses the edges of C(n11)/2 and G2 n_2 and hence gives a
packing of the original cycles into Go y_2.Kn_2 = K.
If none of these conditions hold, the total number of edges can be at most

3G(N-1)-1)+4E(N-3) - 1) +5(3E(N—-1)—1) =6N —22.
However L = (%) > 6N — 22 when N > 5. O

Packing K for even NN is more difficult since we cannot use Lemma 5 in this case.
Before we prove the result for small even IV, we shall list some explicit packings that we
will need. Recall that a circular connected sequence of triangles is an edge-disjoint set of
triangles T, ..., T, with V(T;) NV (T;y1) # 0 and V(T,.) NV (Ty) # 0.

Lemma 7.
1 For N =8,10and 4 < m < N, or for N =14 and 7 < m < N we can pack
Ky with a circular connected sequence of triangles 11, ...,T, and a cycle Cy, with

3r+m > (];[) — % — 2 and the cycle packed as a cycle (i.e., the packing is injective
on the vertices of Cp,).

2 We can pack Gga exactly with a circular connected sequence of triangles together
with either one Cs meeting R or two linked Cy’s which meet distinct vertices of R (of
Gg.4).

3 We can pack C5 U Cy U Cs, Cs UCq and Cs U C3 U Cs into K with the Cg’s packed
as cycles.

4 We can pack Cy, and two connected triangles into K¢ when m =4 or 5.
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Proof. (We made use of a computer search to find the constructions in this proof.)
Label the vertices of Ky as 0 to N—1 in part 1, and the vertices of Gs 4 = (Kp\Im)+Er

R=1{0,1,2,3}, M = {4,5,6,7,4',5,6',7'} in part 2 where Iy, consists of the edges
nn'. Remove the following circular connected sequences of triangles from Kg, Kig, K14
and Gg 4 respectively

From K5 C(0,3,5),C(0,4,6),C(1,3,6),C(1,4,7),C(2,5,7)

From K19 C(0,3,6),C(0,4,7),C(0,5,8),C(1,4,8),C(1,3,7)
C(1,6,9),C(2,4,9),C(2,6,8),C(2,5,7),C(3,5,9)

From K14 C(0,4,6),C(0,5,7),C(0,8,10),C(0,9,11),C(1,6,9),C(1,3,5)
C(1,4,8),C(1,7,11),C(1,10,12),C(2,5,10), C(2,4,9),C(2,6, 11)
C(2,7,13),C(2,8,12),C(3,6,12),C(3,7,10),C(3,8,11),C(3,9, 13)
C(4,10,13),C(4,7,12),C(5,9,12), C’( 1,13),C(6,8,13)

From Gs4 C(0,6',7),C(0,4',5),C(0,6,7), 0(1 ),0(1 5,7),C(1,4',6)
0(2,4',5),0 2,4’,7),0(2,5’,7’) O C(3,6',7)

The resulting graphs are shown below (where we have removed some unimportant vertices
and edges for clarity).

Hyg

Hg 4

We shall pack Hg, Hyp and Hy4 with C), and some triangles. These triangles will meet
the underlined vertices above so can be inserted in the circular connected sequences at
the points where the sequences are connected via these vertices. The result follows by
inspection for N = 8, m = 8,7 (with no triangles), m = 6,5,4 (with triangle C(0, 1, 2)),
N =10, m = 10,9, 8 (with no triangles), m = 7,6,5 (with triangle C(7,8,9)), N = 14,
m = 14,13 (with no triangles), m = 12,11,10 (with triangle C(0,1,2)), m = 9 (with
triangles C(0, 1,2) and C(7,8,9)) and m = 8, 7 (with triangles C(0, 1, 2) and C(0, 12,13)).
For N = 10, m = 4, delete C(2,4,9) from the connected sequence of triangles (leaving it
still connected), use the three triangles in Hyy and the square C'(2,3,4,9). Similarly Hg 4
can be packed with two squares or a pentagon and a triangle C(7,4,5). Parts 1 and 2
now follow. Parts 3 and 4 are easy to check. L]

Following the proof of Lemma 6, we shall write the cycle lengths m; as a sum of 3’s,
4’s and 5’s. However, unlike Lemma 6, we shall write them so as to use as many 4’s as
possible. For example, 9 =4+ 5, 13 =4+ 4+ 5, 10 =4 + 3 + 3. It is clear that all m;
will be written in one of the following forms:

3, 5, 3+ 3, n.4, n.4+ 3, n4d+5 or n4d+3+3 (n>1).
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As in Lemma 6, we write t7, sy and pr for the total number of 3’s, 4’s and 5’s so that
L = 3tp+4s7+ 5pr. As before, we shall attempt to pack some of the cycles as connected
sequences of triangles, squares and pentagons.

Lemma 8. Assume the Induction Hypothesis with N even, N < 12 or with N = 16
and 2st + pr < 7. Then the conclusion of Theorem 1 holds.

Proof. The cases when N < 6 are clear, so assume N > 6. Let n =2, r = N — 2 and
consider packings of Ga,. As in Lemma 4 this can be written as a connected sequence
of r/2 squares. If sp > r/2, we are done by a similar (but slightly simpler) argument to
that in Lemma 6, so assume sp < r/2. We shall use the following packings of ¢ triangles,
p pentagons and s squares into Gy ,.C; where tiseven, | =t+p >3 and t+2p+2s=r.
Label the vertices of R as ay,...,a;,a;41 = a1 and by,...,b.—; and let M = {uj,us}.
Pack pairs of triangles as C'(a;, u1,a;+1) and C(aiy1,u9,a;42) with ¢ odd, 1 < i < t.
Then pack pentagons as C(a;,u1,bj,u2,a;41) for 1 < j < p, i = j+t. Finally, pack
squares as C(bj, u1,bj41,u2) with j > p. This uses all the edges of G2, and the cycle
C; = C(aq,...,a;). All the squares and pentagons are connected to every other cycle in
this packing (via M) and the triangles form a connected sequence. We shall consider four
cases.
1. The cases /2 —2 < sp <r/2, 1 <ppr < 2,6 < N < 12.
Use the construction above with s = r/2—2, p = 1, t = 2, | = 3. Pack cycles written with
4’s or 5’s into the squares and pentagons of this construction. We may need to link extra
cycles to the squares and pentagons in this construction to pack these cycles fully. At
most s + p < 4 extra cycles will be needed and they can be linked to distinct vertices b;
(so avoiding C)). If these cycles also use at least two 3’s between them, we can use them
to pack the remaining two triangles in the construction. Otherwise use two cycles C,,,
of length 3 or one cycle of length 6 (if they exist). By considering the total number of
edges it can be shown that we can fill the two triangles in the construction except in
three cases. The first is packing C7 U C7 U C5 U C5 into Kg. For this split one of the C7’s
into a C3 and a C4. Pack these and check that we can make the C3 meet the C, in the
final packing. The next case is t = sy = ppr = 1 in Kg. This case follows from part 3
of Lemma 7 (the cycles clearly all meet in this packing since there are only six vertices).
Finally there is the case ppr = 2, t7 = s = 0 in K. In this case we have a packing into
K5 which is a subgraph of Kg. In the general case we are done by part 3 of Lemma 3
with I; =1=3, k < 4.
2. Thecasesr/2 —2 < sp <r/2,pr =0,6 < N < 12.

Use the construction above with s =7/2 —2, p =0, [ =t = 4. Pick a minimal subset of
cycles that use at least s 4’s between them and as many 3’s as possible. By minimality,
these cycles must use at most k 3’s where £ < 2s < 6. By counting edges, it can be
shown that if & < 4 then there are enough cycles of lengths 3 and 6 to pack all the
remaining 4 — k triangles of the construction except in the case sy = 1, t7 = 2 in K.
This exceptional case can be packed into K5 which is a subgraph of Kg. In the general
case we take a minimal set of C3’s and Cg’s to pack the remaining triangles. Pack these
and then pack each of our minimal subset of cycles into the triangles and squares of the
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construction. It can be shown that we need to split at most one cycle and hence need
only link an extra cycle to at most one of the squares. The result follows from part 3 of
Lemma 3 with [y =1 =4 and k < 2.

3. The cases s <r/2—2, sy +pr <r/2 or N = 16.
Use the construction above with s = sy, p = pp, t = r—2s—2p > 0. Pack all cycles that
use 4’s or 5’s, then continue with the C3’s and Cg’s until we have packed G ,..C;. In all
these packings, t > 2(s — 1), so at most one extra cycle needs to be linked (at most two
3’s occur in each cycle written with 4’s and none occur in cycles written with 5’s). The
linked cycle is of length 3 or 6 (if it exists) and all unpacked cycles are Cs’s and Cg’s.
These can be packed together with C} into Ky_o by part 1 of Lemma 7 when N > 8.
We pack the C5’s and Cy’s into the sequence of triangles. Since the sequence is circular
and meets every vertex, we may start at any vertex and the cycle linked to G2 ,.C; can
be connected up properly. For N = 8 use parts 3 and 4 of Lemma 7 instead.

4. The cases sy +pr >r/2, pr > 3,6 < N < 12.
Since pr > 3, N > 8 and r/2 > 3. Use the construction with ¢ = 0, s = min(sp,r/2 —3),
l =p=r/2—s > 3. Pick a minimal subset of cycles that use at least s 4’s and p 5’s
between them. Pack these into G2 ,.C) as before. We may have to link extra cycles to
the squares and pentagons in the construction. If [ > 3 then all the 4’s are used and the
only extra cycles are 3’s and 5’s linked to 4’s. There will be at most s such cycles, but
s+l=r/2<5,s0ifl =5 then s =0and if l =4, s < 1. Finally if [ = 3 we may need to
link cycles to all but one of the 4’s and 5’s, so we may need to link s +p — 1 < 4 cycles.
(We will never need to link cycles to all the squares and pentagons since 5’s can only be
linked to 4’s.) These can be linked to distinct vertices b; as in part 1. In all cases we are
done by part 3 of Lemma 3.

We have now covered all possible cases, so the result follows. ]

6. Packing Trails of Triangles in G, ,

In this section we shall pack some graphs of the form Gy, , with trails of triangles. If
we have an exact packing of Gs, , with triangles, then each edge belongs to a unique
triangle. Recall that in Section 2 we defined trails and cycles of triangles as trails and
cycles (of edges) in which each edge belongs to a distinct triangle. These trails will be
used in two ways. One is when we have a very large number of cycles of length divisible by
three. These cycles can be packed into such a trail by a method analogous to Lemma 5.
(A similar method was used in [1] to prove Theorem 1 when all the cycle lengths are
divisible by 3). However, we shall also use these trails in Section 7 to construct packings
of octahedra and related graphs into larger Ga,,,. We shall then pack these trails of
octahedra with cycles of arbitrary lengths.

In Section 7 we will need to be careful about where the trail ends, and we may have
to pack a cycle of triangles separately. Unfortunately, this introduces many technicalities
into the proofs, which could be done much more simply otherwise.

Packings of Ga,, » with triangles exist whenever 2n > r and |E(Gap,)| = 0 mod 3. We
shall not prove this here in full generality, (for the cases r = 1,3 mod 6 see [8], for the
general case see [10] and [7]), but restrict ourselves to some specific 7 and n. Let r = r(N)
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Co

az
ao a1 Cq, oC1
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Zg .[0 in Ks 1{011} in KG

Figure 6. Examples of Z,, and Ig.

be defined by
r(N+1)—1, N =0mod 2,

(N -1), N =3 mod 4,
r(N) =19 1(N-7), N =1mod4,N > 13,
3, N =9,

Undefined, N =0,1,4,5.

For these values of r, define n by N = 2n + r. We shall pack triangles into Ga, .
Define a prism Z,,, m > 3, to be a 3-regular graph on 2m vertices {a;,b; : i € Z/mZ}.

The edges of Z,, are those of the form a;b;, a;a;11 and b;b;11, so Z,, is two cycles

of length m joined by a 1-factor. Define 1-factors of K5,, by labeling the vertices as

{c}U{ci:ie€Z/(2m —1)Z} and setting

I, ={cicj i+ j=smod 2m — 1} U {cc; : 2i = s mod 2m — 1}, s€Z/(2m —1)Z.

For S C Z/(2m — 1)Z, let Is be the edge disjoint union of I; for s € S. In particular
Io,....2m—2) = Kom.

Lemma 9.

1 For all s, Its e11y s a Hamiltonian cycle of Koy, .

2 Both I 1,2y and Zy,, are edge disjoint unions of three 1-factors, two of which form a
Hamiltonian cycle.

8 Com + Eo can be packed exactly with a cycle of triangles. It can also be packed exactly
with a trail of triangles ending at a vertexr v of Eo and starting with a triangle that
meets the other vertex of Fo. Moreover, all but one of the vertices of Cay, occur as
interior vertices of the trail (of edges) corresponding to the trail of triangles.

4 Both Z,,+ E3 and I 1 2y + E3 can be packed exactly with a trail of triangles ending at
a vertex v of F3 and starting with a triangle that meets one of the other two vertices
of E3. Moreover, all but at most one of the vertices of Zy, or Ijg 1,2y occur as interior
vertices of the trail (of edges) corresponding to the trail of triangles.

Proof.
1. By relabeling ¢; as ¢;_s, where 2sg = s mod 2m — 1 we can assume s = 0. Now
I{O,l} = C(Cm, Cm—1, C’I’I’L+17 Cm—2, Cm+27 ..., C2,Com—2,C1,Cp, C)-

2. The cycle C(ay,as,...,a2m—1, a0, bo, b2m—1,- - -, b2, b1) is a Hamiltonian cycle of Z,,
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and the remaining edges I = {a;b; : 2 < i < m} U{apai, bob1} form a 1-factor. Since the
cycle is of even length, it can be decomposed into two 1-factors. For Iy ; oy the subgraph
Io,1y forms a Hamiltonian cycle and I3 is the remaining 1-factor.

3. Let the cycle be C(aq,...,a2,) and let the two other vertices be u and v. The
sequence of triangles C(u, a1, aq), C(v, az,as3), C(u, as,a4),...,C(v,asm,a1) gives a cycle
of triangles corresponding to C(aq,...,as,) and a trail of triangles corresponding to
P(u,az,...,a9m,v). All the vertices of Cy,, except a; occur in the interior of the trail.

4. Let the three vertices of F5 be {u, v, w}. Relabel the vertices of the Hamiltonian cycle
of Zp, or Ijo1 2y given in part 2 as C(uy,v1,uz,va, . ..). We obtain triangles C'(u, u;, v;),
C (v, v;, ui4+1) and triangles formed by joining the remaining 1-factor I to w. The subgraph
G = {uu;} U {vv;} U T contains one edge from each triangle and has degree two at each
vertex except possibly at u and v. We now show that it is also connected (except for the
isolated vertex w). In the Z,, case, I joins as = v1 and by = u,,. In the Ifo,1,2) case, Ip
joins ¢y = U, and co = v,,_2. In both cases, all the u; are connected to u and all the
v; are connected to v, so G is connected. Therefore G has an Eulerian trail. If m is odd,
the trail starts at u and ends at v. If m is even, we get an Eulerian circuit. For even m,
remove one edge xy of I, and replace it with an edge xw. This gives a graph G’ with an
Eulerian trail ending at w and starting with an edge from a triangle meeting either u
or v. In both cases, each edge of the trail lies in a unique triangle, so the result follows.
Note that every vertex of Z,, or It 1,2} except possibly y has degree two in G or G’, so
occurs as an interior vertex of the trail. ]

Theorem 10. If N =2n+r and r = r(N) then for N > 6 there exists an exact packing
of triangles into Gap » which forms a trail of triangles with the last vertex v € R and the
first triangle meeting R\ {v}. If N > 9, then there is also an exact packing which is an
edge-disjoint union of a Hamiltonian cycle of triangles in M and such a trail.

By a Hamiltonian cycle of triangles in M we mean that we can replace each triangle with
a single edge so as to get a cycle of length 2n inside the subset M of vertices. We do not
require each triangle to have all its vertices in M.

Proof.
1. The cases N = 2,3 mod 4, N > 6.

In these cases r = 2n — 1 if N is odd and r = 2n — 2 if N is even. Label the vertices of
R as v, ...,vr—1 and write G2y, as an edge-disjoint union of I, + E.y, where the I,
are the 1-factors of K, constructed above (with m = n). If N is even, I5,_o will not be
used, so this will be the missing 1-factor In; of K}, in Ga,, = K}; + Eg. For even N,
use part 3 of Lemma 9 to pack I{g,1} + E{y,} With a trail of triangles. For odd N, use
part 4 of Lemma 9 to pack I(g 1,2} + E{vg,0,,0,) With a trail of triangles. In both cases,
pair up the remaining subgraphs as I, s41) + Fyo, v,,,) and use part 3 of Lemma 9 to
pack them with Hamiltonian cycles of triangles in M. By inserting cycles before the last
triangle of the trail we can always combine any surplus Hamiltonian cycles of triangles
with the trail to get a longer trail starting and ending with the same triangles. For N > 9
(and N # 13), r > 2 and we have at least one such Hamiltonian cycle.
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2. The cases N =0,1 mod 4, N > 13.

Split M = M, U M, into two subsets of n vertices and label the vertices as M, =
{a; : © € Z/nZ} and My = {b; : i € Z/nZ}. For s € Z/nZ let I, be the 1-factor
{a;bits : 1 € Z/nZ}. If n is odd, define 2-factors Sy = {a;a;ys,bibits : @ € Z/nZ} for
1 < s < n/2. If nis even, we can decompose K,, = Ko, into a 1-factor and %(n —-2)
Hamiltonian cycles as above. Combining 1-factors for M, and M, gives a 1-factor I,
of M. Combining corresponding Hamiltonian cycles gives 2-factors Ss, 1 < s < n/2 of
M (each a union of two n-cycles). In both n even and n odd cases we may assume that
Sy cousists of cycles C(ag,a1,...,a,-1) and C(bg,b1,...,b,—1). The edge disjoint union
of Sy, I1, I,_4, It and I/, can be packed with the triangles

Clai, air1,biy2),  C(bi,bit1,ait2), i € Z/nZ.

These triangles form a Hamiltonian cycle of triangles in M corresponding to the cycle
C(ao, bg, ay, b3, .- )

If n is odd, then the edge union of any Ss; with any I] is a vertex disjoint union
of n/m prisms Z,, where n/m = ged(s,n). It is therefore a union of three 1-factors.
There are 3(n — 3) remaining Sy’s and n — 4 remaining I;’s. Since n > 5 when N > 13,
n—4 > i(n — 3) and so all remaining edges can be decomposed into 1-factors. These
then form 2n — 7 1-factors, and three of these 1-factors can be chosen to form a prism
Z, made up of Ss and I for some s with ged(s,n) =1 (e.g., s = 2).

If n is even then Ss is a union of two 1-factors. These and the remaining I; and I,
give 2n — 7 1-factors. Three of these 1-factors can be chosen to form a prism Z,, made
up from S, and I for some s as before.

If N is odd, part 4 of Lemma 9 gives a trail of triangles in Z,, + E3 where Fj3 is any
three vertices in R. If N is even, write Z, as a union of a Hamiltonian cycle and a 1-
factor. Remove this 1-factor, it will be the missing 1-factor I of Kj,. The remaining
Hamiltonian cycle when joined to two vertices in R gives a trail of triangles by part 3 of
Lemma 9.

In both cases, the remaining edges of G2, , can be decomposed into cycles of triangles
by pairing the remaining 1-factors of M, joining each pair to a pair of points in R and
using part 3 of Lemma 9. The the cycles (of edges) corresponding to these cycles of
triangles each meet an interior vertex of the trail corresponding to the trail of triangles
(since the all but at most one of the vertices of M are such a vertex). Hence we can insert
the cycles into the trail giving a longer trail with the same initial and final triangles. Doing
this with each excess cycle in turn gives the result.

3. The cases N =8 and N = 9.

Label the vertices M = {ag, a1, a2, b, b1,b2} and R = {vg,v1} (N = 8) or R = {wg,v1,v2}
(N =9). We can pack Gg 3 with triangles T, = C(ag, a1,a2), Ty = C(bg,b1,b2) and
Tijr = C(as, bj, vx) for all j = i+k mod 3. If we remove all Tj;2’s we get a packing of G 2.
For N = 8 we have the trail of triangles ToooT1107011T121 T2 1220151201, corresponding to
P(ag,vo, by, v1,a1,as2,b3,bp,v1). For N = 9, we have a cycle Ty ToooT102T121TpTo12 and
a trail T110T011T201T220T022, corresponding to the cycle C(as, ag,bo,a1,bs,b1) and the
trail P(vg,b1,v1, as,bs, v2) respectively. ]
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Corollary 11. IfN >6, 7 =r(N), N =2n+r and Ts = 3|E(Gan )|, then for any s
with 0 < s < T it is possible to pack Gay » exactly with triangles so that s of them form
a trail of triangles C(vi, u;, vit1), 1 < i < s corresponding to a trail P(vy,...,vs11) with
vsr1 € R. Also

(a) If N =T or N > 9 and s > 2n then we can make vy, ... v, a permutation of vertices

of M.
(b) If s < Tg then one of the remaining triangles can be made to meet R\ {vsi1}.
(¢) If N >9 and 2n < s < Tg then both (a) and (b) can be made to hold simultaneously.

Proof. Use the first part of Theorem 10 to get a trail of triangles and take the last
s triangles in this trail. This gives the first part and (b) since if s < T then the first
triangle of the original trail is not used and meets R\ {vsy1}. For N > 9 use Theorem 10
to obtain a Hamilton cycle and a trail. Use the last s — 2n triangles of the trail (or just
the last one if s = 2n). The first of these triangles must meet M in at least two vertices,
so we can attach the Hamiltonian cycle (or a Hamiltonian path if s = 2n) onto the front
of this trail. Part (a) and (c) now follow provided N # 7. Finally, for N = 7 we have the
following packing of G4 3 with triangles where M = {ag, a1, a2, as} and R = {vg,v1, v2}:

C(ao, a1,v0),Cl(az,as,vo), C(aog, az,v1),C(ay,as,v1),Clao, az, ve), C(a1, az,v2).

The following trails give suitable trails of triangles in (a) for N = 7:
P(ag,a1,as,as,v1,a9,v2) for s =Tg =6,
P(ag,a1,as,as,ap,v1) for s =5 and
P(ag,a1,as,as,v1) for s = 4.

7. Packing Trails of Octahedra into G, ;.

We shall now pack some graphs of the form Gs,, , with trails of octahedra and related
graphs. First, however, we need to define how these graphs are linked up.

Recall that for some graphs we can define initial and final links as (ordered) sets of
vertices, and G1.G5 will identify the final link of G with the initial link of G5. The initial
link of the resultant graph is that of G; and the final link is that of G5. Similarly, the
initial link of G; U G5 is that of G; and the final link is that of G5. We also write G™"
for G.G...G and GY" for GU...U G where there are n copies of G.

We have also defined O to be the graph of an octahedron, so O = K} = E3 + Es + E».
The first F5 will be the initial link and last Es will be the final link of O. By symmetry, it
does not matter which Fs’s are chosen, or the order of the vertices in either link. Define
K5 = K4 + E; to have initial and final link both equal to the same single vertex Fj.
Define W = G44 = Cy + E4. The E4 will be both the initial and final link (with the
vertices in the same order). Define the triangle T = K + E; with Ks both the initial
and final link (with vertices in the same order). Note that this differs from the links of a
triangle as described in Section 3.

Theorem 12.
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1 If N =2mod 4 and N > 14 then there are ezact packings of OV U Ot into Gan,2r
with 4n +2r = N, r = r(%N) > 3 and the final link mapped into R.

2 If N =3 mod 4 and N > 15 then there are exact packings of O%* U (T.0)-?".0"* into
Guanor41 withdn+2r+1=N,r = r(%(N— 1)) > 3 and the final link mapped into R.
In addition, the packing maps the non-link vertices of each T to a single verter in R.

8 If N =1mod 4 and N > 13 then there are ezact packings of Ki* U OY* U O into
Guanory1 withdn+2r+1=N,r = r(%(N— 1)) > 2 and the final link mapped into R.
Also, the link vertex of K¢ is packed as a vertex of R distinct from the image of the
vertices of any O.

4 If N =0mod 4 and N > 16 then there are exact packings of W™ U OY* U O into
Guanorya withdn+2r+4 =N, r = r(%(N—él)) > 2 and the final link mapped into R.
Also, the link vertices of W™ are packed as vertices of R disjoint from the image of
the vertices of any O.

In each case such packings exist for all a, b with a +b = §|E(Gan,,)|, a,b > 0. Also, if
a >0, N # 15, then at least one O in the OY* can be required to have its final link in R
and disjoint from the final link of O (or of (T.0)-2" in part 2 if b=0).

Proof.

1. Set r = r(%N), 2n +r = %N. By Corollary 11, we can pack Gy with a trail of
triangles with the final vertex in R. Replace each vertex v of Ga,, , by a pair of vertices vy,
vy, and each edge uv by four edges u;v;. The resulting graph is just G4y, 2,. The triangles
become octahedra and a trail of triangles becomes a packing of linked octahedra O™.
The result now follows from Corollary 11.

2. Asin 1, construct Gup, 2, with 2n+1r = %(N —1). Add one vertex v to R and join it
to the missing 1-factor Ips of M in G4y 2r. This gives Gayp 2r41. The extra triangles can
be linked to the first 2n links in the O-trail by part (a) of Corollary 11 since (N —1) =7
or £(N —1) > 9. Provided N # 15 (so 3(N — 1) > 9) we can also ensure that one of the
isolated O’s has a link that maps into R as a set disjoint from the final link of the trail.

3. As in 1, construct G, and double up vertices. This time r is even, so to obtain
Guan,2r+1 We must join the extra vertex v to n vertex disjoint copies of Ky in Ky = Ka,.
(Each of these K,’s comes from doubling vertices in a component of Ij;.) This gives K:".
The rest of the proof is similar to part 1.

4. As in 3, except that we add the four extra vertices to R and join them to n vertex
disjoint copies of K} = Cy in K = Ky,,. This gives n copies of Cy + E4 with the Ey’s
linked. In other words W™, L]

We now have the decompositions of G, , into octahedra and other small graphs as
described in Section 3.

8. Packing Cycles into O and T.0

Having packed trails of octahedra into suitable G,, ., we now need to pack cycles into
these octahedra. In general it will not be possible to group the cycles into combinations
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u, u, U U U U

L] ¢ !

v v ) v v v v
Lo= Py Ls = (4 Ls =P 3 T=P. S1,1,2,2

Figure 7. Graphs Lp, T and Sg 4 c,d-

of length |E(O)| = 12. Therefore we shall attach cycles to the link vertices of O to allow
overlaps from one octahedron to the next. These overlaps are the L,, defined below.

For a path P, of length n with endpoints v and v, we shall make (u, v) both the initial
and final link of P,. Write C], = C,, U E; to denote a cycle of length n together with
an extra independent vertex. The pair (u,v) will be both the initial and final link of C},
where u is the independent vertex in £y and v is any vertex of the cycle C),. The graph
P,,. .a, = PFa Py, ... P, willbeagraph with specified link vertices (u, v) consisting of
internally vertex disjoint paths of lengths a1, ..., a, from u to v. In the special case when
r = 0 we write Py for the empty graph Es on {u,v}. We write S, .4 for a cycle with
initial link (u,v), final link (u’,v") and four internally vertex disjoint paths connecting
these four vertices as follows. A path of length a connects u and v, a path of length b
connects u and ', a path of length ¢ connects v and v’ and a path of length d connects
u’ and v’ (see Figure 7)

Definition. The graphs L,, are defined as
LO :P@, L3 :Cé, L4 :PQ’Q, L5 :F)ng7 and Ln :P4’n,4 for TLZ 7.

The graph Le will be defined as either P33 or Py 2. By this we mean that whenever we
pack a graph involving Lg into another graph, we require that packings exists for both
choices of Lg. On the other hand, if we pack a graph into Lg then we only require a
packing exists for some choice of L. We define the triangle T' = P, o as before. Note that
L, is a cycle for n > 3, and we can always pack C/, — L, with initial and final links
matching.

Lemma 13. The following can be packed into O with initial and final links matching:

Pr220UPyo, PyUPs3333, Si1,13.C35 Si1,22.C5,

14y4, syt sLa4y

L,C{ULg_p, (4<n<6) and L,ULjs,, 3<n<9).

Proof. These packings are trivial to find, but their descriptions are somewhat tedious.
Number the vertices of O from 0 to 5 so that O = Eyg 1} + Ey2,3 + Eq4 53 with (0, 1) the
initial link and (4,5) the final link. We pack the paths and cycles as follows:

Py92U Py {P(0,2,1),P(0,3,1), P(0,4,1), P(0,5,1); P(4,2,5), P(4,3,5)}

1494y

PyUPs333+— {;P(4,0,2,5),P(4,2,1,5),P(4,1,3,5), P(4,3,0,5)}
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54,1,1,3 03 — {P
S112,2.C5 — {P
Py5.CLUC, — {P
P33.C5UC, — {P
Pyy.CLU Py {P
Pyo.CLUPy 5 — {P
PisUCi— {P
Py yUPyg— {P
PysUPy3— {P
Py oUPyo— {P
P33 UPy g — {P
P33 U P33 {P

0,2,4,3,1), P(0,4), P(1,5), P(4,1,2,5); P(5,0,3,5)}
0,2,4,3,1), P(0,4), P(1,2,5), P(4,1,5); P(5,0,3,5)}
0,2,4,3,1), P(0,4,1); P(1,2,5,1); P(5,0,3,5)}
0,4,3,1), P(0,2,4,1); P(1,2,5,1); P(5,0,3,5)}
0,3,1),P(0,2,4,1); P(1,2,5,1); P(4,3,5), P(4,0,5)}
0,3,1), P(0,4,1); P(1,2,5,1); P(4,3,5), P(4,2,0,5)}
0,2,4,3,1), P(0,4,1,2,5,1); P(5,0,3,5)}
0,2,4,3,1), P(0,3,5,2,1); P(4,1,5), P(4,0,5)}
0,2,4,3,1),P(0,5,2,1); P(4,1,5), P(4,0,3,5)}
0,4,2,5,1), P(0,2,1); P(4,1,3,0,5), P(4,3,5)}
0,2,4,1), P(0,3,5,1); P(4,3,1,2,5), P(4,0,5)}
0,4,3,1), P(0,3,5,1); P(4,1,2,5), P(4,2,0,5)}

/.\AA,.\,.\/.\AA,.\,.\,.\A
A/—\/—\A

In each case the edge union of the trails on the right is O. In most cases, the decom-
position is a minor variant of a preceding one, so can be checked easily. Note that by
symmetry, a packing of Ls U Lg, for example, follows from a packing of Lg U L3. Also
note that whenever Lg is used, both versions have been checked. ]

Theorem 14. Suppose that either m + > . m; > 15 or m + > . m; = 12 with m > 0,
m # 1,2, m; > 5, m; # 6. For some subset S and some m’ we can pack L., U (U;csChp.)
into O.L,, exactly with initial link matching, except in the cases when m € {0,4,5,9}
and all the m; = 5. If m = 8 we can also pack P2 222U (UicsCn,;) in the same way.

Proof. See Table 1 for the packings used. In each case we can pack graph (A) into (B)
by linking up suitable paths, with the initial link of L,, in (A) mapped to the initial link
in (B). (For ease of checking, the underlined cycles in (A) are packed into the underlined
paths and cycles in (B).) We then pack (B) into (C) by Lemma 13. In the case f, the Ps
part of Ly = P, 3 meets vertex 5 of O (see proof of Lemma 13) so can be linked with the
C5 to pack Lig = Psg. It is easy to check that if m > 0 and we are not in one of the
exceptional cases, then we must have a subset of one of the forms in Table 1. If m = 0,
pack some Cy,, into L, first and then use the result with m > 0. If there are C5’s,
make sure to use one as our C,, . The only additional case that cannot be packed is
when all the m; = 5, which is included in the list of exceptional cases. ]

We now repeat the previous two results with O replaced by T.0.

Lemma 15. The following can be packed into T.O with initial and final links matching:

LsUPs3, LgUPy3, LyUPso, LyUPs3, P33UPra, P33UPls3,
P33UPsy, LsUPy3.C5 LsUPs53.C;, LyUPy392, LiUPs5329.
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Table 1. Packings into O.Ly used in Theorem 14.

(A) (B) @) Conditions
Ly, S4,1,2,2:C5.Ch 19 O.Ly, 12 m 2> 15
Ly, UC, S41.22ChPyps O.L, s n>5
Li3UC, S411.3CLPyp g O.Lpiq n>5
Ly, S4,1,2,2~C§ O.Lqg

L, UC, S41,22Ch-Pan_s O.L,_, n>7
L1, UCs S41.1.3ChPyy O.L,

LiyUC, S41,1,3Ch-Pans O.L,_, n>38
LiyuCy S41,2,2:C5-Pa 3 O.Ls

LiyUCy L, U Ls.CY O.Lg See textt
L,UC, LpmULjg pyChii 1o OLpip 12 3<m<9n+m>15
L,uC, L,UL, O.L 3<m<L9n+m=12
LgUC5UCy LgUP,y5.Py5 O.Lg

Py022UC, PynapUPy5.Cly O.L, 4 n=7
Pr222UCUCs  PaoooUPys.Pyg O.Lg

L,UC,UC, LyUPyg. Py s O.Lyis n>5
LgUCg UG, LgUPy5.Pyp o O.L,s n>5
LgUC;UC, LgUP3 3Py, 3 O.L, 4y n>5
LgUC5UCsy LgUPs3.Py O.L,

Ly UCyUC, LsUCL.Py 5. Py, o O.L, 1o n>5

Ly UCsUC, LsUPy3.Pyp 3 O.Liq n>5
LyUC, UG, LyUPy555.Pyn o O.L,,s n>5
LyUCyUC, LyUC.Pys.Py s O.L, 4y n>5
L,uC,uC, LyUP,,.Ps3 O.Lg

LyUCsUC, LyUCh.Ly.Cl_, O.L,_4 n>7
LyUuC,, UC, LyUC.Pyo Py s O.L, 1o n>5
L3UCyoUC, L3UCL.P3g. Py, g O.Ly, 1y n>5
LyUCUC, Ly UCL.Py 5. Py s O.L, n>7
LauC,ucC, L3UC4.Py 3Py g O.L,_» n>8
LyUC,UC, Ly UCL.Pyo.Pyg O.Ls

LyUC5UC, Ls5.CLUL,.Cl_, o.L, , n>7
LyUC5UC5UCs Lg.CLUP, 9Py 0.Lg

Proof. Number the vertices of O 0 to 5 as before and let T = C(0, 1,v) with initial
and final link equal to (0,1). We pack the paths as follows:

P34 U Pss i {P(0,2,4,3,1), P(0,3,5,2,1); P(4,0,1,v,0,5), P(4,1,5)}
Py4UPy 3 — {P(0,2,4,3,1), P(0,3,5,2,1): P(4,1,v,0,5), P(4,0,1,5)}
Py3U Pss— {P(0,2,4,3,1), P(0,5,2,1); P(4,0,1,v,0,3,5), P(4,1,5)}
Py3U P53 — {P(0,2,4,3,1), P(0,5,2,1); P(4,1,v,0,3,5), P(4,0,1,5)}
P33 U Py — {P(0,4,3,1), P(0,5,2,1); P(4,2,0,1,v,0,3,5), P(4,1,5)}
P33 U Pss— {P(0,2,4,1), P(0,5,2,1); P(4,0,1,v,0,3,5), P(4,3,1,5)}
Ps3U P54 — {P(0,4,3,1), P(0,5,2,1); P(4,1,v,0,3,5), P(4,2,0,1,5)}
Py3 U Py 5.Ch — {P(0,v,1), P(0,4,2,1); P(4,1,0,2,5), P(4,3,1,5); P(5,0,3,5)}
Pa3U P55.C% — {P(0,v,1), P(0,4,2,1); P(4,3,1,0,2,5), P(4,1,5); P(5,0,3,5)}
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Table 2. Packings into T.0.L,, used in Theorem 16.

(A) (B) (C) Conditions
LyUC, LyUP;,.Cl_, T.O.L,_» n>10
LsUCqUC, LgUPsy.Py, o T.O.L,,o n>T
LyUCgUC, LgUPy3.Py, 3 T.0.L,., n>T7
LgUC, LgUP, 4 T.0.Ly

L;UC, L;UPs5.Cl_g T.O.L, g n>11
L;UCUC, L;UPgq.Pyp s T.0.L,.y n>T7
L;UCUC, L;UPs3.Py, 5 T.OL,., n>T7
L,UCy L;UPs3 T.0.L,
L;UC;UC;  L;UPs3.Py, T.0.Lg

LgUC, P33 UP;,.Cl_g T.O.L, g mn>12

LgUC/ UG, PygUP; 4Py, 5 T.O.L,., n>T
LgUCyUC, PygUPs3.Py, 5 T.OL,; n>T

LeUCy Py 3UPg 4 T.0.Ly
LeUCgUC, PygUPs4Py, 5 T.OL, , n>7
LeUC;UC;  P33UP; 4Py T.0.Lg

LyuC, LyUPs.CL.Cl_ o T.O.L, ;5 n>13

LsUC1,UC, LsUPs.C3.Py 5 T.OL,.5 n>T

LyUC; UG, LyUPy3.C4.P;, 5 T.OL,., n>T

LyUChq L5 U P, 5.Ch T.0.Ly

LyUCyUC, LyUP;,.C4.Py, 5 T.O.L, , >
L;UCgUC, LsyUP;,.C4Py, 5 T.O.L, 5 n=78
LyUC,UC;  LyUP;s,.C5.Ch T.0.L,

L,ucC, LyUPy355.Cl_y, T.O.L, ; n>14
LyUC3UC, LyUPyg99.Py, o T.OL,., n>7
LyUC,UC, LyUPyg99.Piy 5 T.OL,., n>T7
L,uCy, LyUPy35, T.0.Lg
LyUC,qUC, LyUPs599.Pi, 5 T.O.L, >
LyUCoUC, LyUPs5559.P, ¢ T.OL, 5 n>8
LyUCgUCy  LyUPs559.Ps5 T.0.Ls
LyUC,UC, LyjUPs5,.CL_, TOL, 4, n>7

PysUPss555— {P(0,0,1),P(0,3,1); P(4,1,2,0,5), P(4,0,1,5), P(4,2,5), P(4,3,5)}
Py UP5005— {P(0,v,1), P(0,3,1); P(4,0,1,2,0,5), P(4,1,5), P(4,2,5), P(4,3,5)}

Theorem 16. Suppose that either m + > m; > 18 or m + > m; = 15, with m > 0,
m # 1,2 and m; > 7. For some subset S and some m' we can pack Ly, U(U;csCh,) into
T.0.Ly, ezactly with initial link matching.

Proof. We can assume m > 0 by first packing some Cy,, into L, . If m = 3 we
pack L,, into T" and use Theorem 14 with m = 0. If m > 9 we pack L,, = Pspm—4
into T".Ly,—3 = P1,24,m—7 and use Theorem 14. If m = 6 and Lg = P, 2 we pack it into
Py 5.C4 = T.L3 and use Theorem 14. Since there are no Cy’s the result follows in each
of these cases. Otherwise 4 < m < 8 and if m = 6 we can assume L,, = P; 3. In each of
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these remaining cases we can use one of the packings listed in Table 2. As before we can
pack graph (A) into (B) by linking up suitable paths, with the initial link of L, in (A)
mapped to the initial link in (B). We can then pack (B) into (C) by Lemma 15. Ll

Corollary 17.

1 If > m; =12, m; > 3 then we can pack UC,,, into O.
2 If > m; = 15, m; > 3 then we can pack UC,,, into T.O.

Proof.

1. Follows from Lemma 8 since we can pack a subgraph of Kg of size 12 and this
subgraph must be isomorphic to Ki = O.

2. If mj = 3 we can pack Cp,, into T" and then use part 1 to pack the remaining
cycles. If m; > 6 then we can pack Cp,; 3 U (U;j2;Cpy,) into O. Since the vertices of O
are equivalent, we may assume C,; 3 meets T' and hence forms a circuit of length m;.
The only remaining case is C5 UC5 UC5 — Py 2.(Py3ULs) — T.0 (using Lemma 13). []

9. Packing Cycles into Trails of O’s and 7.0’s

Now we put the results of the previous sections together to get a proof of Theorem 1 in
the cases when N = 2 or 3 mod 4. We use the results of the last section to pack (almost)
arbitrary cycles into trails of O’s and T.0’s, then we use Theorem 12 to pack these trails
into some Gy, and then Lemma 3 to pack everything into K. The details, as usual,
are somewhat more complicated.

Theorem 18. Suppose Y m; > 12a+ 9 with m; > 3. We can pack some subset of the
cycles exactly into some graph of the form

o or O P.q or O'“_l.P272 Uuo.T.

The last form is only needed if ns > 7 and a > 3.

Proof. By Corollary 17, we can pack O with any combination of cycles of total length
exactly 12. If we can pack the first O in the trail in this way then we are done by induction
on a. Hence we may assume no combination of cycles has total length 12. In particular
ng < 2 and ng + 2ng < 3. We shall now try to pack any remaining C5’s, Cy’s and Cjg’s.
In general, not all of these can be packed, so we may need to discard some. Provided we
do not discard cycles of total length more than 6, we shall still have > m; > 12a+ 3. We
can pack C4 UCy = Pr229, C3 — L3 and Cy — Ly. Packing the maximum length like
this will leave the remaining C3’s, Cy’s and Cg’s with total length at most 6 except in the
cases when ns+2ng = 3 and ng = 1 or 2. In these cases we can assume ns = ng = ng =0
(since 5+3+4 =8+4 =9+ 3 = 12). Since the total length of all cycles is at least
1249 > 17 > 3n3 + 4n4 + 6ng, we must have at least one cycle C,, with n =7 or n > 10.
Pack C,, into C3.C,,_3 and C3UC3UCg or C3UC3UC3UC3 into O. Since at least one of
the C3’s meets vertex number 5 of O, we can pack the Cs’s, Cg’s and C), into O.CJ,_4. If
ng = 1 or a = 1 discard the remaining Cy4’s and pack O.C!,_4 — O.L, _3. Otherwise pack
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Cy’s meets both vertex 1 and 5 of O, so we have a packing C),_;UCsUCy — O.C),_,
with initial links matching. We therefore obtain a packing into O.0.L,,_7; with no cycles
discarded.

Now we pack the other cycles. We can assume that we have already packed an O*.L,,

the C!,_4 into C}.C,_, (if n > 10) and Cy U Cy U Cy — O. We can assume one of these

or O'b.P2,27272 with 0 < b < a. If there are some Cs’s remaining, we can also assume
n € {0,3,4,6}. We pack the remaining cycles inductively into graphs of the same form
with larger values of b. If we have enough remaining C5’s use the packings

LsUCsUCsUCs — O.Lg
LeUC5UCs— O.Ly,
Ps992UC5UCs — O.Lg
CsUC5UC5UCs — PyUP3333.P222 0.P2229,
LiUC5UC5UC5UCs — PysUPyo99.P3333— 0.0.

1494,y

The first three of these packings come from Theorem 14, the last two follow from
Lemma 13. In each case the initial links match, so we can pack O*b.L, or O'b.P2’272’2
into O-**1. L,y or O Py 594 or O%+2 = O*2.L;. When b+ 1 = a, we must avoid the
last two forms if we are to pack graphs of the type listed in the statement of the theorem.

Assume we have enough Cj5’s to reach a total length of at least 12a 4+ 3. We shall use
up all the O’s except in the cases when we have packed O-*~!.L,, with n = 0 or 4. If
n =0 we can use

05 U 05 @] 05 — L5 U P473.P1,2 — O.PLQ.

However, for n = 4 we cannot pack L, UCsUC5UCY5 into the final O. If the L4 came from
an original Cy4, we can discard the C4 and pack C5 U Cs U C5 — O.P; o for the last O.
Otherwise we must have had at least seven C5’s and three O’s (the minimum number
occurs if we started with P52 2 2 in the first O). For this case, pack C5 UC; UC5 — O.T.
We then get a graph of the form O-*~1.L, UO.T.

Now assume we do not have enough Cj’s to pack all the octahedra. After packing
as many C5’s as possible, we shall have at most two Cj’s left or three Cj’s if we have
packed O?.Ly or O*.L,. Use the Ly UC5 — Ls and Ly UC5 U C,, — O.L,_3 packings
from Theorem 14 to ensure we have at most two Cs’s left. Now continue packing the
remaining cycles using Theorem 14. Whenever we have packed Ob.L, or O'b.PQ’Q’Q,Q
with b < a, we have enough extra cycles to pack L, or P3 22 and some cycles into
O.L,, with initial link matching by Theorem 14, and hence we can pack O**1.L,,,. The
only exception is when we try to pack LoUC5UCS5 into the last O (since there are at most
two Cs’s and the other combinations not allowed by Theorem 14 have too few edges).
Since 9+ 5+ 5 < 12+ 9, even this case does not occur unless there are some discarded
cycles. Since ns # 0, we have nzns = 0 and the only possible discarded cycles are C3’s
and Cg’s. In this case use the discarded cycles with the packings

L9 @] 03 = Lg U L3 = OLO and Lg U C6 = Lg U Lgcé (g O.PLQ.

In the general case we finish by packing the last L,, as P; o if n = 3. ]
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Theorem 19. Suppose L = > m; > 12a + 15m + 11, with m; > 3, m even and
L —4ny > 15m+ 3. Then we can pack some subset of the cycles exactly into some graph
of the form

OYa-b U (T.0)™.0b, 09ty (T.0)™.0" P,
or oYa—by (T.O)'m.O‘bil.ng @] OT,

where the non-link vertices of the T’s in (T.O)™ are identified. The last form only occurs
with a > b > 3.

Proof. By discarding C4’s we may assume either ny = 0 or L < 12a + 15m + 14. In
either case ny < 3a + 3. We set b = a — [n4/3] > 0 and pack Cy’s into the isolated O’s
of OY*~? using C4 U C4 U Cy +— O. Therefore, without loss of generality, we may assume
nyg < 2 and set b = a.

By Corollary 17 we can pack C5UC5UC5 — T.0. Doing this twice and using induction
on m we can assume either m = 0 or ns < 5. The case m = 0 follows immediately from
Theorem 18. Since the T’s in the (7.0)™ are all linked via a common vertex, we can
pack these triangles with Cg’s, and, if necessary, by C3’s. If we run out of 7T’s, then we
must have exactly used them all (m is even). We are then done by Theorem 18, noting
that ns < 5 so the last form in Theorem 18 will not occur.

If we run out of C3’s and Cg’s, drop the assumption that m is even and assume
nz = ng = 0. By using Cs U Cs U C5 — T.0 again we may also assume either m = 0 or
ns < 2. If m = 0 we are done by Theorem 18 again. Discarding any Cy’s (of total length
at most 8) we may now assume y_,m; > 12a + 15m + 3 with ng = ng =ng =0, ns < 2
and without the condition that m is even.

We can pack Cs UC), — P12.Py o =T.L, 1o for n > 5, so that we now have no Cs’s
left (choose n = 5 if n5 = 2 and n > 7 if ns = 1. There must be at least one cycle of
length at least 7 since }; , jn; <5+ 5 <15+ 3). Now inductively pack the remaining
cycles Cp,,, m; > 7 according to Theorem 16 and Theorem 14 in a manner analogous to
the proof of Theorem 18. |

Theorem 20. Assume the Induction Hypothesis with N > 12, N = 2 or 3 mod 4. Then
Theorem 1 holds for N.

Proof.
1. The case N =2 mod 4, N > 14.

By part 1 of Theorem 12, there are exact packings of 0%, and O U O-*~! into some
Ganor, 4n 4+ 2r = N, 2r > 6, with the final link in R. The isolated O in O U o1
can be required to have its final link in R and disjoint from the final link of O-*~!. Now
L > |E(K\)| —2 = |E(Ganor)| + |E(KS,)| — 2 > 12a 4+ 10. Using Theorem 18 we can
pack some cycles into O*, O*.P. 4 or O.T' U O'ail.Pgwg. These can then be packed into
Gan,2r--(UCy,) with at most two attached cycles Cj, meeting R in two vertices each. The
cycles C, are just the P, 4 or the T" and P, > linked to the ends of the trails of octahedra.
If there are two such cycles then one is a triangle (T') and their intersections with R are
disjoint. Therefore we are done by either part 4 or part 5 of Lemma 3.
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2. The case N =3 mod 4, N > 15.
The proof is similar, using part 2 of Theorem 12 and Theorem 19. We have 4n+2r+1 = N,
m=2n,n>2r>3and L = |E(Gun2rt+1)|+ |E(K2r41)| > 12a+15m +21. In the case
N =15 we also use the fact that « = 2 in Theorem 19 to avoid getting a packing of the
last type. The result follows whenever L —4n, > 15m+3 = 30n+3. By Lemma 4 we may
assume ng < 3(N—3), so 4ny < 2N —10. It can be checked that (];) —(2N-10) > 30n+3
for N > 15, so the result follows. ]

10. Packing Cycles into Linked Kj5’s.

In this section we prove Theorem 1 for N = 1 mod 4. The idea is the same as in the
previous section, but we also need to be able to pack (almost) arbitrary cycles into linked
K5’S.

Lemma 21. Assumea > 2, m; > 3 and Y m;—max(3ns+6ns+9ng, Tn7)—4ny—8ng >
10a + 3. Then we can pack some subset of the cycles exactly into a graph of the form

K or K.Cp, or C5.K*.Chy,

where the Ks5’s are all linked at a common vertex v and the extra cycles are linked to
distinct Ky5’s at single vertices which may be chosen arbitrarily (either or both possibly
equal to v).

Proof. We first prove the result with the extra cycles linked at v. Since Theorem 1
holds for N = 5, we can pack any collection of cycles of total length 10 into a K5. If we
run out of K5’s we are done. We can pack C3 U C7 into K5 so that the C's meets v. Since
all the K5’s are linked at v, if we remove C7’s from the K5’s we get triangles linked at a
common vertex v. Therefore we can pack Cg’s and Cy’s with C;’s into K5’s rather than
just C3’s. Since we use Cg’s and Cyg’s to pack the triangles, we may need to link an extra
C3 or Cg to v to pack the last Cg or Cy if we run out of C7’s or K5’s. We may also link
Cs to v to pack any remaining C5 (we can assume there is no more than one C5 since
two C5’s will pack into K5). Assume we have not used all the K5’s but we have packed
a graph of one of the forms K;’, K:’.C,, or C5.K:.C,,, with 0 < b < a and the cycles
linked at v. Pack cycles C}, with n > 11 inductively as follows:

(A) KPucC, — KL.C,

(B) K.Cpo— C5. K205 if m>8,
() KL.CpUC, — K™ .Crin 10 if m <7,
(D) C5.KL.Cypy - KST.Ch s if m > 8,
(E) C5.K:>.Cr, UC, +— C5. K .Crin10 i m < T.

In each case, we link the cycles at the vertex v. In (B) and (D) we have split C, as
C5.Cp—5 and packed the two C5’s in (D) into a K5. In (C) and (E) we have split C, as
C10—m-Crtm—10 and packed the C;, and Ci9_,, into K5. In each of these cases, we can
ensure both packed cycles meet v. Note that (A4) is used at most once at the beginning of
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the process and we can assume that we finish with one of (C'), (D) or (E). The operations
above can pack all the K35’s provided the sum of the lengths of the cycles that can be
packed is at least 10a + 3. We now prove that we shall not run out of such cycles. If
n3 + 2ng + 3ng > ny, then we can assume that we have run out of C;’s in the first
part of this proof. The only remaining cycles that we can’t pack into K5’s are C),’s with
n =3,6,9,4,8. Similarly if n3 + 2ng + 3ng < n7, then we can assume we have run out of
Cs’s, Cg’s and Cy’s. The only cycles that we can’t pack into K5’s are C),’s withn = 7,4, 8.
In both cases, the total length of the others is at least 10a + 3 and we are done.

We now deal with the requirement that we may have to link the cycles at different
vertices. If we have just one cycle C,, linked to K:* then it will either be one of the
original cycles (in which case we can link it anywhere), or it is part of one of the original
cycles which is split as C,,.C,,, with the C,, packed inside K:*. In this case, we can link
Cp, to any of the vertices of the image of C,, in K;*. In particular, ), can be linked
to some vertex other than v. By permuting the K5’s and the vertices of K5 \ {v} we
can therefore link C,, to any desired vertex. The same arguments apply when we have
two cycles C5 and C,, except that in addition we have to ensure that if both are part
of larger cycles, then the other parts of these two larger cycles are packed into K:* in
such a way that they meet at least two distinct K5’s at vertices other than v. For this
to fail, we must have finished our packing above with operation (E) in which the C5 on
the left hand side is not part of a cycle partially packed into the Kj5’s. (Recall that we
never finish with operation (B).) If the C5 was an original cycle C,, then we can link C5
anywhere and we are done. We may therefore assume that the Cs and C,, of (E) came
from splitting a C54,, which was one of the original cycles C,,,. This means that we used
operation (B) with the C,, on the left hand side equal to an original C,,,. This only
happens if we previously used (A4), and so all but one of the K5’s were packed exactly
at the beginning of this proof. We may assume all the remaining cycles are of lengths
11 or 12 (any cycle of length at least 13 could be packed using (A), (B) and (D)) and
there are at least two of them (to get a total length of at least 10a + 3). Hence we may
assume that K, 5“_1 has been packed exactly and there are two remaining cycles C,,, and
C, with 11 <'mj,my < 12. Since a > 2, there is at least one K5 that has been packed
already.

If we have packed some K5 with a Cyp, then we can unpack this K5 and pack the
010 and lel into C5.K5.Cm1_5 as (C5.C5).(C5.Cm1_5) = C5.K5.Cm1_5. Now pI‘OCGQd
as above and use Cy,, and operation (F) to pack the remaining K5. This time the two
linked cycles are part of larger cycles meeting two K5’s between them and we are done.

If no K5 was packed with a Cg, pick one packed K5 and remove all except one of
the original cycles, Cy,, say, that was packed entirely within it. If we choose ms to be
minimal then we can assume mg < 5. Pack C,,, and a length 10 — mg3 of C,,, into this
K5. We have now packed Kg’fl.Cmﬁmg_,w with 4 <my +ms — 10 < 7, and have C,,,
left to pack. We proceed by packing C,,, using operation (C). This time we have only
one cycle linked to K;* and we are done. U

The reason we need to link the cycles in Lemma 21 to arbitrary vertices is because we
shall pack the linked cycles Cs and C,, into the trail of octahedra and hence may wish
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to link them to Kz* at vertices in M. We need to do this for two reasons. One is that we
cannot have two cycles linked at the same vertex v of R in Lemma 3. The other is that
we have no control over the size of C),. Indeed, C,, may be so large that there are not
enough remaining cycles to pack the trail of octahedra completely.

Theorem 22. Assume the Induction Hypothesis with N > 12, N = 1 mod 4. Then
Theorem 1 holds for N.

Proof. We use the construction in Theorem 12 to pack Ky"U O or K" UOUO-*"1
into G4p,2r+1 where 4n+2r+1= N, n > 2 and 2r+1 > 5. By Lemma 4 we can assume
4dny + 8ng < 2N — 10 and by Lemma 5 we can assume max(3ns + 6ng + 9ng, Tny) <
Z(N —3). It can be checked that (1;7) — (N =3) = (2N — 10) > 10n + 3, so we can use
Lemma 21 to pack some cycles into K" with at most two extra cycles Cj; attached. Since
(1;[) —10n = |E(Gan,2r+1)| —10n+|E(K2r41)| > 12a+10, we can use Theorem 18 to pack
some subset of the C;j, and the remaining C,,, into O*, O*.P, 4 or O'“_l.ng uo.rT.
This last form occurs only when there are at least seven Cjy’s, so by the algorithm of
Lemma 21 we can assume there are no Cj, attached to K" in this case (we use up all
except at most one of the Cy’s before linking any cycles to K™). If there are no Cj,, we
are done by the same proof as in Theorem 20. Assume now that there is precisely one
cycle Cp, = Cj, linked to K;". If this cycle was packed in the O, it must have at least
one vertex in M when packed into G4y 2r41. It therefore meets some K5, and so we can
assume that this cycle is linked to the correct vertex by Lemma 21. (Recall from the
proof of Theorem 12 that every vertex of M meets precisely one K5.) If the cycle was
not packed, link it at v. We now have at most one cycle linked at v and possibly one
cycle P, g4 linked at two other vertices of R. The result now follows using part 1 or 4 of
Lemma 3 with k < 2.

Now assume there are two cycles Cs and C,, which must be linked to K¢". If precisely
one of C5 and C,, is not packed into the trail of octahedra, we link it to v and link
the other to a vertex in M as above. If both are packed and the C5 has an edge in M,
then this C5 must meet two K5’s and so we can link the C,, and C5 to distinct K5’s via
vertices in M. If C5 does not have an edge in M then it must have an even number of
edges in G4y, 2741 since this graph has no edges in R. Therefore the C's must be partially
packed with a path of odd length leaving the O-trail. We can assume this path is of
length 3, since the only case where we have a pentagon with one edge in R is when we
are packing three of them as O.T. In this case, permute the C5’s and assume our Cj
is entirely within the O. In the case when the Cs has a path of length 3 in R, we can
permute the vertices of R in any final packing so that this path meets v and we are done.
(We can permute all the vertices of R except the two link vertices of the cycle P, 4 that
may be linked to the trail of octahedra.)

Finally we need to deal with the case when neither Cy nor C,, is packed at all in O-¢.
If » = 2, then these cycles can be packed together with any remaining cycles exactly
into Kgr = K5. Hence m = 5 and both C5 and C,, meet v. In all other cases r > 4
and |E(Kg)| > |E(Kg)| = 36. Therefore when using Theorem 18, we have > m; >
12a + 36. Looking at the proof of Theorem 18, we see that, in general, we can discard
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Cs’s, Cy’s and Cy’s so as to make the algorithm pack a C5 as L5 before packing the longer
cycles. This is because the maximum length of discarded cycles will be at most 17 and
12a 4+ 36 — 17 > 12a + 9. So if our C5 could not be packed, we must have already packed
all the O’s exactly with combinations of cycles with lengths totaling 12 at the beginning
of the proof of Theorem 18. Pick the last O packed. We can assume it is not packed with
any cycle of length 5, m, 7, 12 —m or 7 — m, since in these cases we can either swap Cj
or C,, with this packed cycle or swap the other cycles packed into this O with Cs and/or
C,,. We can also assume it is not packed with any cycle C, with r > 8, since we could
replace the C, with C,_5 and our Cs and get a packing of O.Cf +— O.Ls with our Cs
inside the O. Hence, without loss of generality, this O is packed as C5 U C3 U C3 U Cs,
C3UC3UCg, CeUCg or C,UCLUC, and C,, is of length m > 5 in all except the Cg UCy
case. We now use the following packings in which the Cj5 is used to pack this last O:

03 U 03 U 05 U Cm — Oé U Cé.P373.P27m_3 — O.P27m_3,
CeUC5UCg— LgU P3’3.P2,3 — O.P2’37
cC,buCyUCsUC,, — P27272,2 U P272.P3,m_2 — O.Pg,m_Q.

We can now assume the C5 is packed within the octahedra and so we are done. ]

11. Packing Cycles into Linked W’s.

In this section we complete the proof of Theorem 1 by handling the cases N = 0 mod 4.
In this case we shall pack cycles into linked W’s where W = G4 4 = C4 + E4 and the
vertices of the E4 are both the initial and final links of W (in the same order). Let these
link vertices of W be (a, b, c,d). We shall use notations such as [I¢1515°. . ] to denote the
vertices {a, b, c,d} and a collection of cycles Cj, with with Cj, meeting a, C;, meeting b,
C}, meeting both b and ¢, etc.. The initial and final links of this graph will be (a, b, ¢, d).
If a cycle meets more than one vertex this notation can be ambiguous, so to be precise,
say that the vertices occur at intervals two apart around the cycle. Define D to be the
family of graphs

[, %], [I8] with I, <5, [3%3Y3%], [4%4°4%] or [4°4°4°49],

where u, v and w are distinct elements of {a,b, ¢, d}.

Lemma 23. We can pack any of the following exactly into W with link matching:

[pisisid],  (igisis),  (igis), (1] with 37 1; = 20,
[323b3¢8434],  [3933°675%], [494°4°494%] and [4°4°4°5737).

Proof. Write the non-link vertices of W = Cy + E4 as Cy = C(1,2,3,4). We have the
following packings into W:
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(A) [32323°3°4%44¢d] (C(a,1,2),C(a,3,4),C(b.2.3),C(c,1,4),C(b,1,d,4),C(c,2,d,3)
(B) [3%324bd5be5ed]  (C(a,1,2),C(a,3,4),C(b.3.d.4),C(b,1,¢,3,2),C(c,2,d,1,4)
(C) [pb5bd5ac5ed]  (C(a,3,b,2,1),C(b,1,d,3,4),C(a,4,c,3,2),C(c,2,d,4,1)

(D) [3*3%3°52d6%<d]  (C(a,1.2),C(b,4,1),C(c,3.4),C(a,4,d,2,3),C(b,2,¢,1,d,3)
(E) [49d4beqbesdse]  C(a,2,d,3),0(b,1,¢,3),C(b,2,c,4),C(d,1,2,3,4),C(a, 1,4)
(F) [494b4edgedqab]  C(a,1,2,3),0(b,3,4,1),C(c, 1,d,2),C(c,3,d,4),C(a,2,b,4)

In each of these packings every cycle meets every other, except in (A), (B) and (D)
where the two underlined cycles do not meet. We now combine cycles to give some of
the packings in the statement of the lemma. In each case we indicate one of the above
packings that can be used.

[323°3°119)  (A) | [323°7°77] (A) | [325°5¢79] (B) | [4°496°6°]  (A)
[3234°109)  (A) | [3b4°4797) (A) | [3°596°6%] (D) | [495°5°6%]  (B)
[3b3¢5999] (D) | [394b598¢] (E) | [424%4°87) (E) | [5°5°5°59] ()
[323%6°89]  (A) | [394%6°77] (A) | [424°597¢] (E) | [3%3°3°843%] (A)

In all the cases in the table above, every cycle meets every other one in the packing
except for the underlined ones in the first and last cases. Together with (D), (E) and (F),
these give all the cases in the statement of the lemma with at least four cycles. (We can
clearly permute the link vertices by symmetry.) If we have fewer than four cycles, one
of these cycles must have length at least 6, and we can split it into two smaller cycles.
These cases therefore follow by combining cycles in the above table that are connected.
We can always avoid combining underlined cycles by using different triangles. L]

Theorem 24. If > m; > 20n 4+ 29 and ns = ng = 0 then there is an exact packing of
some subset of the cycles into a graph W™.D for some D € D.

Proof. By packing four Cs’s into a W (using the [5°5°5¢5%] packing of Lemma 23), we
can assume by induction on n that ns < 3. If n5 > 2 and ny > 2 we can pack two C7’s
and two C5’s as [725°5¢79] +— [395°5°79].[4%] ~— W.[4%]. Pack C4’s by adding them to each
link vertex in turn to get [4], [474%], [474%4°] and [4?4%4°47]. If we have an extra C; we
can pack this into a W using [494°4°4949] s W. Continue until we run out of Cy’s. We
can now assume we have packed W.D with r < n and D = [], [49], [494%], [424%4°] or
[494°4¢44]. Now pack C7’s inductively using the following packings:

[.[7e7°7¢7%  — [323b7¢79].[4%47) W [4947)
[49].[7e7b7°7) s [3P3c7079].[474%4¢)  —  W.[494b49]
[494°).[797°7] s [494°4°4949] [323°39] — W.[3%3°39]
[494b4¢).[7979] — [474%4°4949].[3939]  — W.[3%39]
[474°4¢47).[79] —  [494b4°494%).[37] — W.[39]
[3][7b707d} — [393°7¢79).[4%] - W.[4Y)
[3934).[7b7¢]  — [39397°7] - W
[323¢39].[7%7"] — [3°39727"].[39] — W.[39]

(We may need to permute the link vertices at some points.) Now discard any remaining
C5’s and C7’s. The maximum length of discarded cycles is max(5+3 x 7,3 x5+ 7) = 26.
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Hence, we can assume that the total length of cycles is at least 20n + 3, all the remaining
cycles are of length at least eight and we have already packed some W".D with r < n
and D € D. We now proceed inductively in a manner similar to before using Lemma 23.
At each stage add cycles to any unused link vertices until the total length to be packed
is at least 23 or all four link vertices have been used.

Suppose first that we have cycles of total length s > 23 linked to the link vertices. If
the longest cycle is [; and s — Iy < 17, then we can split C}, as C}, 420—5.Cs—20 (both
linked to the same link vertex v as Cj, ). Now pack the Cj, 120—s and the remaining cycles
into W using Lemma 23. We now have a packing of W +1.[(s—20)"] = W-"t1.D’, where
D’ € D. If s—1; > 18 then there must be another linked cycle, C}, say, with I > 6 (since
there are at most three remaining linked cycles). Also I; > 8 (since it must be one of the
original C,,,). If s —1; < 20 split Cj, as Cy,—3.C3 and split C;, as as C},y23-5.Cs—23.
This time use Lemma 23 to obtain a packing into W-"*1.[(s — 23)v34] = W-rTL. D', If
s — 11 = 21 then we may assume ly > 7 and if s — [, = 22 we may assume [y > 8. We can
treat these similarly and get packings into W1 [(s — 24)v4%] and W-"T1.[(s — 25)?5%]
respectively. Hence in all cases we get a packing into W-"+1.D’ for some D’ € D.

The remaining cases are when we run out of link vertices. For this to happen, we must
have cycles attached as [3%38°87], [393°3¢1%] with 8 <[ < 13 or [494%4°]9] with | =4, 9
or 10. We must also have another cycle C,,,, say, with m; > 8. Now use the following

packings:
[3238°84].[m9] > [393°3°8934].[(my — 3)*5°]
[393°3¢19].[m¢] + [393°3°843%].[(my — 3)2(I — 8)%] 1=8,12,13
[3233°19].[mg] +— [3%3°3°6959]. [(m1 —5)%(1—-6)4 1=09,10,11
[494b4¢49] [m8] — [4%4°4°4947].[(m; — 4)%]
[494°4¢19].[mg] +— [4°4%4°5939]. [(m1 -3)%(1-5)4 1=9,10

In each case we obtain a packing into some graph of the form W"+!1.D’, D’ € D, using
one of the packings (A)-(F') from the proof of Lemma 23.
Hence by induction we can pack W-™.D for some D € D. ]

Theorem 25. Assume the Induction Hypothesis with N > 12, N = 0mod 4. Then
Theorem 1 holds whenever ng + 2ng < Ty . Here Ty = L((g) — & —20n —31)/3] and
n is given in part 4 of Theorem 12.

Proof. We use the construction in Theorem 12 to pack W-UOY*~UO? into Gan,2r44
where 4n 4+ 2r +4 = N, 2r +4 > 8 and r = r(1(N — 4)). Since L > ([;]) — & —2and
n3 + 2ng < Tw, we have L — 3ng — 6ng > 20n + 29. Hence we can use Theorem 24
to pack some cycles into W™ with at most four extra cycles Cj, attached (in the form
of some D € D). Let the largest such cycle be Cj, (if such cycles exists). From the
definition of D we see that the remaining extra cycles have total length at most 12. Since
L —20n—12 > 12a + |E(K3,, 4)| — 14 > 12a 4+ 10, we can use Theorem 18 to pack some
subset of (', and the remaining C,,, into O¢, O¢.P, 4 or O'“’l.PZg U O.T. From the
algorithm of Theorem 24 we can assume this last form occurs only when there are no Cj,
(since all the W’s would be packed with C5’s).
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If there are no extra cycles Cj, then we are done by the proof of Theorem 20. If Cj, is
not packed into the trail of octahedra then we are done by part 1 or part 4 of Lemma 3
(depending on whether we have packed O-* or O-*.P, 4). Now assume that C;, has been
packed into the octahedra. When this trail is packed into Gy 2,44 the cycle Cj, will
meet M (since there are no edges in R). If the Cj, was part of the larger original cycle
Cn, , say, then the other part, Cj say, meets some non-link vertex of some W when C,,,
is packed in W-".(UCy,). Every vertex of M meets some W when W™ is packed into
G 4n,2r+4. Hence, by permuting the W’s and cyclically permuting the non-link vertices of
some W, we can assume that the image of Cj, in the trail of octahedra meets the image
of Cj, in W™ when everything is packed into G, 2r 4. Hence we have a packing of some
subset of cycles into G4n,27«+4.(UCl§) satisfying one of the conditions of Lemma 3. The
result now follows. L]

We have now proved Theorem 1 for N = 0 mod 4 when there are not too many cycles
of lengths 3 or 6. However if we have many cycles of lengths 3 or 6 we will need to use
other packings. For large N, the packings of Section 6 are sufficient. However, there are
a number of smaller N for which this is not sufficient. For these cases we need to give
special packings. These special packings are given by the next two lemmas.

Lemma 26. For alln > 1 there exists exact packings
Kﬁ/ln U KA,ln U OV4n2 = GSn,4n
2
Gina.GinsUO*  — Ggpania

U2n+1 2n(2n+1
KA’ln+4 U Kﬁ/ln+4 U O s U O n( nt ) — G8n+4,4n+4

In each case, the initial and final links of the trail of O’s are disjoint pairs of vertices of R
(of the image). Also the R’s of the Gan 4’s of the second packing are linked together and
their image is a subset of the R of Gign ant+a which is disjoint from the image of any O.

Proof. We shall first prove that triangles can be packed into G = K, , », with a suitably
long trail. Write G = E4 + Ep + Ec, where A ={a; : i € Z/nZ}, B={b; : i € Z/nZ}
and C = {¢; : i € Z/nZ}. The existence of a packing of G with triangles follows from the
existence of nx n latin squares. If the cells (¢, j) contain entries k;; then the corresponding
triangles are given by (a;, bj, cx,; ). Alternatively, a packing can be constructed from first
principles as follows.

If n is odd and for 4,5 € Z/nZ, let T;; be the triangle C(a;,bit;,ciye;). It is an
easy exercise to show that the T;; pack G exactly. If n is even, use induction to pack
K, /2,n/2,n/2 With triangles and double up the vertices. The result is a packing of Ky,
with octahedra. Since each octahedron can be packed with four triangles, we have exact
packings of K, ,, , with triangles for all n.

We now find a long trail of triangles. Let G[4, B] = K, ,, be the subgraph induced by
the vertices of A U B. Each edge in this subgraph is contained in a unique triangle in
the packing of G. There exists an Eulerian circuit of K, ,, when n even, and one of K, ,
with a 1-factor removed when n is odd, n > 1. Hence we have a circuit of length n2 (n
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Table 3. Packings of K, used in Theorem 28.

N Ty Tg Tx Isolated Components O-trail
6 13 36 - Gu4.Gyy=W"2 o4
20 29 56 28 KLUKLUuOY3 0-¢
24 57 80 16 KLUK] 016
28 77 108 — Gg,4-Gg 4 016
32 123 140 60 K, UK, U0 020
36 153 176 40 Ki, UK, 036
40 209 216 72 G12,4-Gi2.4 036
44 251 260 248 G 20 -

even) or n(n — 1) (n odd, n > 1) in this subgraph. By replacing the edges with triangles
we get a circuit of triangles in GG. By breaking this circuit at some vertex v € A, say, we
get a trail from some vertex of C' to another vertex of C. (Each triangle contains one
vertex from each of A, B and C' and if two triangles both meet v then they must meet
distinct vertices in C'.)

Doubling up vertices, we get a packing of 0" or OYr U O(n=1) into Koy, 00,2, With
the trail of linked O’s starting and ending at disjoint pairs of vertices in C.

Now let A, B and C have 2n vertices, and let S have 0, 2 or 4 vertices. We can
decompose Gaup,suc = Ky g + Esuc as an edge disjoint union of K4 pc, Gas =
K, + Eg and G g = Kj; + Eg. The result follows in the first two cases by replacing n
by 2n and setting |S| = 0 or |S| = 4. For |S| = 0 note that Ga,,0 = K},,. The last case
follows by replacing n with 2n + 1 and setting |S| = 2, noting that Gyni22 = K}, 4. [J

Lemma 27. We can pack Ga420 exactly with 124 pairs of linked triangles.

Proof. Write M = AUBUC where A ={a; :0<i<7}, B={b; :0<i <7} and
C ={c¢; : 0 < i <7} are disjoint sets of vertices of size 8. Decompose K 4 into seven
1-factors and combine each 1-factor with a set of edges I; = {biciﬂ' 10 < i <7} with
1 < j < 7 to get seven 1-factors of Kaypuc = K. Cyclically permuting A, B and
C now gives a total of 21 such 1-factors. The remaining edges of Kj; form 8 triangles
T; = C(ay, b, ¢;). Discard one of the 1-factors and join the others, one to each of the 20
vertices of R. This gives a decomposition of Ga4 20 = K, + Er into 20 sets of 12 triangles
linked at a vertex of R and 8 disjoint triangles T;. Form 8 pairs of linked triangles by
taking T; and pairing it with the triangle containing the edge b;c;4+1. All these triangles
meet the same vertex v € R. There are four remaining triangles meeting v which we can
pair up to form two pairs of linked triangles. For each of the other vertices in R, we have
12 linked triangles which can be paired up to form six pairs of linked triangles. We have
now paired up all the triangles into 124 pairs which pack the whole of Ga4,20 exactly. [

Finally, we give the proof of Theorem 1 for N = 0 mod 4.

Theorem 28. Assume the Induction Hypothesis with N > 12, N = 0 mod 4. Then
Theorem 1 holds for N.
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Proof. If ng+2ng > Ts where Ts = %|E(Ganr)|, 7 = r(N) = 4(N—8) and 2n+r = N,
then we can pack the C3’s and Cg’s into the trail of Ts triangles in Gs,, given by
Theorem 10. This trail ends at a vertex of R so by linking a Cs if necessary at this vertex
we can pack a set of C3’s and Cg’s exactly. The result will then follow from part 1 of
Lemma 3 with k£ < 1.

Also, if ng + 2ng < Tw where Ty is given by Theorem 25 then we are done by
Theorem 25. Since Ty > Tg for all N > 48, the proof of the theorem is practically
complete; all we have to do is to check the cases IV < 48.

In most of these remaining cases we use the packings of Lemma 26. Pack C3’s and
Cg’s into the “isolated components” in Lemma 26. These isolated components are listed
in Table 3. Isolated components O = G429, K} = Gg2, K|5 = G192 and G124 can all be
packed with trails of triangles by Theorem 10 with NV = 6, 8, 12 and 14 respectively. In all
these cases the number of triangles is even, so we can pack any Cg’s exactly (pack all the
Cg’s before packing the C3’s). For N = 44, pack G420 with pairs of linked triangles using
Lemma 27. These can also pack both C3’s and Cg’s, and if we have enough we are done
by induction from N = 20 (Ga4,20- K20 C K44). The total number of triangles Tx needed
to pack the isolated components is listed in Table 3. By Theorem 25 we can assume that
ns + 2ng > Ty . In all cases where we can pack the isolated components exactly with
triangles, n3 + 2ng > Tw > T'x so we have enough C3’s and Cg’s to pack these exactly.
Now pack the trails of octahedra with the remaining cycles and use Lemma 3 as in part 1
of the proof of Theorem 20. Note that the O-trails in Lemma 26 have initial and final
links packed into disjoint pairs of vertices in R, so packing O.T U O-“~1.P5 5 does not
cause problems if we use the first O from the trail O-® for the O.T.

The only remaining cases now are N = 16 and N = 28.

1. The case N = 16.
Writing the cycle lengths as sums of 3’s, 4’s and 5’s as described before Lemma 8, we
can assume 2s7 + pr > 8 by Lemma 8. Pick a minimal set of cycles which involve s 4’s
and p 5’s with 2s + p > 8. From the above table we can assume n3 + 2ng > Ty = 13.
Consider the following cases separately.

(a) The case 0 < s < 2.
We use the W2 U O* — Gs g packing of Lemma 26. Pack s of the W’s with the
[32324%5be5¢d] packing (B) from the proof of Lemma 23. Pack the other 2 — s W’s
with the [5%5°5¢59] packing of Lemma 23. All the squares in this packing are connected
via b and all the triangles are connected via a. Also, each square is connected to a pen-
tagon and a connected sequence of two triangles within its own W. Since each cycle
is written with at most one 5 or two 3’s, we can pack every cycle of our subset that
is written with at least one 4 entirely into the triangles, squares and pentagons of this
packing. Since 2s+p > 8, there are enough remaining cycles written with 5’s to cover the
remaining pentagons in the packing. However each of these cycles is precisely a pentagon
(since a 5 cannot be written together with a 3 or another 5) so they pack entirely too.
Since ng + 2ng > 13 there are enough C5’s and Cy’s to pack any remaining triangles of
the packing. At worst we may need to link a single C5 to vertex a to pack some Cgs. We
therefore have an exact packing of some of our original cycles into W-2 or W-2.Cs.
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(b) The case s > 3 and p > 2.

First assume s = 3 and p = 2. Pack one W using the [32324%¢5%¢5¢¢] packing (B) and
the other W using the [3%323°3°4%?4°?] packing (A) from the proof of Lemma 23. Every
square and pentagon is connected to every other square and pentagon in this packing.
The triangles can be paired up into connected sequences of length 2 with one end meeting
a and the other meeting a square. Hence we can pack our subset of cycles entirely into
this packing with any remaining triangles all linked to a in disjoint connected sequences,
each of length at most two. Packing the remaining triangles with C3’s and Cg’s as in (a)
allows us to exactly pack the whole of W2 or W+2.C3 with some of our original cycles.

Now assume that either s > 3 or p > 2. No cycle in the minimal subset can be a
pentagon since we could remove it and still have 2s + p > 8. Hence each cycle written
with a 5 contributes at least three to the sum 2s + p. By minimality there cannot be
more than three such cycles, so p < 3. If we remove one of the cycles written with a 5
then s < 3 and p < 2 for the remaining cycles. Hence we can split a cycle written with
a b into two parts so that one part and the remaining cycles of the subset have s = 3
and p = 2. We can pack these as above and attach the other part to a suitable vertex in
{b,¢,d} so as to connect it with the part that was packed. In this case we have packed
W2.(C,) or W2.(C,.UCs) with the C,. linked at one of {b,c,d} and the C3 linked at a.

(c) The case p < 1.

Hence s > 4. First assume s = 4 and p = 0. Pack both W’s using [3233°3°4%14<4]. All
the squares are connected via d, so we can pack the cycles of our subset into this and
pack C3’s and C§’s into any remaining triangles as before. If s > 4 or p > 0 then we
can split one of the cycles as in (b). At worst we will need to attach one cycle to one of
{b,¢,d}, and possibly a C5 to a to pack the original cycles fully.

In all cases we have an exact packing of some of the original cycles into W-2.(UC},)
where there are at most two cycles linked to distinct link vertices of W2 and if there are
two such cycles then one of them is a Cs. Pack the longer one of these and the remaining
cycles into the O-trail using Theorem 18. The total length of these cycles is at least
|E(Kig)| — 2 — 40 — 3 = 12a + 17 with a = 4, so this succeeds. Now continue with the
argument used in the proof of Theorem 25 to get the desired packing.

2. The case N = 28.
From the table above we may assume 77 = Ty < n3 + 2ng < Ts = 108. First assume
ns > 2. We can pack Gg 4 with a C5 and a circular connected sequence of triangles by
Lemma 7. Hence we can pack Gy 4.Gg 4 With two Cs’s and a connected sequence of 34
triangles, which in turn can be packed exactly with C3’s and Cg’s. We are now done
as before by packing the O-trail and using Lemma 3 as in Theorem 20. Assume now
that ns < 1. From Lemma 7, we can pack Gg4.Gg 4 with four squares and a trail of
32 triangles. We can make the four squares form a connected sequence meeting three
link vertices, or two connected pairs meeting all four link vertices (by suitable choice
of which link vertices the pair of squares in each Gg 4 meet). Pack the trail of triangles
with C5’s and Cg’s as above. Write the cycles of length 4 or > 7 as sums of 3’s, 4’s
and 5’s as described before Lemma 8. Since each 4 can be written together with at
most one 5 or two 3’s, the total length of such cycles is at most 10sy. However, since
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ns + 2ng < Tg, the total length of cycles of lengths four or at least seven is at least
|E(Kbg)| —2—5n5 —3(Ts — 1) > 36. Hence s > 4. Pack a minimal set of cycles written
with at least four 4’s into the packing Gg4.Gg 4 described above. To do this we may
need to attach up to four additional cycles Cj, to the link R of Gg 4.G's 4. By considering
separately the cases when each of the packed cycles is written with one 4, or one is
written with more than one 4, we can ensure that the linked cycles Cj, meet distinct link
vertices. At most one of these cycles Cj, need contain a 4, so removing the longest of
these gives a total length of additional cycles of at most 3 x 6 = 18. Pack the longest
(', and all remaining cycles into the O-trail using Theorem 18. This succeeds since these
cycles have total length at least 12a + |E(K15)| — 2 — 18 = 12a + 30. Since there are
at most two C5’s, the last form in Theorem 18 does not occur and we will only need to
attach at most one cycle P, 4 to the final link of this trail. We are now done by the same
argument as in Theorem 25. ]

Theorem 1 now follows by induction of NV using Lemmas 6 and 8 for the cases N < 12
and Theorems 20, 22 and 28 for the cases N > 12.
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