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Abstract

The d-dimensional random partial order is the intersection of d indepen-
dently and uniformly chosen (with replacement) linear orders on the set [n] =
{1,2,...,n}. This is equivalent to picking n points uniformly at random in
the d-dimensional unit cube Qg = [0, 1]¢ with the coordinate-wise ordering. If
d = 2, then this can be rephrased by declaring that for any pair P, P» € Q2 we
have P; < P; if and only if P» lies in the positive upper quadrant defined by
the two axis-parallel lines crossing at P;. In this paper we study the random
partial order with parameter o (0 < o < 7) which is generated by picking n
points uniformly at random from Q2 equipped with the same partial order as
above but with the quadrant replaced by an angular domain of angle a.

1 Introduction

There exists several models that generate random partial orders on n elements. A
very good, but not very recent survey is given in [9]. One of the most studied models
(introduced by Winkler [16, 17]) is to consider the intersection of d randomly and
independently chosen linear orders on the same n element ground set. This is called
the d-dimensional random partial order. One of the nice features of this model is
that it has the same distribution as n uniformly chosen points in the d-dimensional
unit cube Qg = [0,1]¢ with respect to coordinate-wise ordering. Sometimes it is
convenient to consider the model in which points of ()4 are generated according to
a Poisson process of intensity n. Standard techniques (see e.g., [3, 4, 9]) show that
the ‘same’ results hold in both models for all problems studied so far, and therefore
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for convenience we shall often prove results for one model and use it to deduce the
corresponding result for the other. The problem that attracted the most attention
of researchers is finding the largest chain or antichain (respectively a set of pairwise
comparable or incomparable elements). This problem was already raised by Ulam [14]
in the case d = 2 where the question is equivalent to that of finding the longest
increasing subsequence of a random permutation. The right order of magnitude was
determined by Hammersley [11], and the asymptotically precise answer was given
by Logan and Schepp [13] and Vershik and Kerov [15]. Their result states that the
size L, of the largest chain is concentrated around its mean, which is (2 + o(1))+/n.
Research on how sharp the concentration was initialized by Frieze [10], Bollobas and
Brightwell [3] and Bollobas and Johansson [5]. An upper bound on the variance of
L,, that later turned out to be tight was established by Kim [12] and Baik, Deift and
Johansson proved the matching lower bound, moreover they determined the limiting
distribution of L"n_ig/ﬁ . A survey on the method of their proof (together with some
applications) is given by Aldous and Diaconis in [1].

The problem was partially solved for general d by Bollobas and Winkler [7].

In this paper, we consider a generalization of the d = 2 case. Note that in the
coordinate-wise ordering for any 2 points P;, P, in the plane we have P, < P; if
and only if P, lies in the positive upper quadrant defined by the two axis-parallel
lines crossing at P;. Modifying the angle 7 to any angle o, 0 < a < 7, we obtain
a partial order that we shall call the a-ordering. More precisely, for any pair of
points P, = (z1,y1) and Py = (79,72) in R? we define P, <, P if and only if
1+ y1 < x9 + yo and P, lies in the open angular domain at P; of angle o with
angle bisector parallel to the line z = y. The probability space of the partial order
obtained by selecting n points uniformly at random from Q := Q. = [0,1]* and
considering the partial suborder of the a-ordering induced by these points will be
denoted by P, , and the probability space obtained by points generated by a Poisson
process of intensity n in () will be denoted by 73(5 .- Note that with probability 1
both P, and PL, form an antichain if o = 0 and a chain (i.e., a linear or total
ordering) if & = w. The corresponding comparability graphs (in which every vertex
corresponds to an element of the partial order and two vertices are joined by an edge
if the corresponding elements are comparable in the partial order) will be denoted
by Gan and GE,, and we will use the notation Lo, and LY, for the lengths of the
longest chains in P, , or 77012 -

As we will show in Section 2, a quite natural transformation yields that P, is
equivalent to picking n points randomly in some rhombus and consider them equipped
with the original 7-ordering. This will enable us to determine L, , for most values of
a. In view of this transformation, one might question whether it is interesting enough
to study these angle-parametrized models at all. Our main reason to believe so is
that letting o range from 0 to 7, our random partial order evolves from an antichain




to a chain and the comparability graph evolves from an empty graph to a complete
graph. In this way, we can study “hitting time” problems and compare the results to
other random processes (like the Erdds-Rényi graphs process [8]). More precisely, if
B is a monotone poset property (e.g. containing a chain of size at least k, having a
connected comparability graph, having a comparability graph of diameter at most [,
etc.), then one can define

T(P) = lim+ liminfinf{a : P(Pa, € P) <1—¢)}.
e—0 n— oo
We will prove that 7() = § when P is the property of having a connected compa-
rability graph.

The rest of the paper is organized as follows: Section 2 contains the above men-
tioned transformation and results on L, ,. In particular we prove the following the-
orem.

Theorem 1.1. Let a = «,, satisfy
w((logn)?’n™) <a <7 —wmn™?).
Then both Lay/\/ntan§ and LY, /\/ntan$ tend to 2 in probability as n — co.

As a converse to Theorem 1.1 we shall also show that this result fails for both
Loy and LY, when a = o((logn)*n™") or « = m —o(n™").

Section 3 addresses the problem of determining the diameter of G, when o > 7.
Winkler [17] settled the case o = § even for general dimension d showing that the
diameter is 3 with probability tending to 1 as n tends to infinity (with high probability,

w.h.p.). Our main result is the following theorem.

Theorem 1.2. The following holds with high probability

1 if m—a=o0(n?
diam(Gopn) = 42 if 1—a=w(n?) and a — % = w(n~/?)
3 if0<a—Z2=o(n"?).
As GE = G, x where X is a Poisson variable of mean n, and since X = (1+o(1))n
w.h.p., corresponding results also hold for Gin.
In Section 3 we also study the probability of the event that G, , is connected for
any o < 7. In particular, we determine the expected number of connected components
of G- Section 4 contains some concluding remarks and open problems.



Notation. Throughout the paper @ denotes the unit square [0, 1]2. Given a partial
ordering on @ and a point P € @ we shall write Pt = {P" € @Q : P < P'} and
P~ ={P' €Q: P < P} for the set of elements larger, respectively smaller than P.
We shall also write Pl = P+ U P~ U{P} and P+ = Q \ Pl for the set of elements
comparable, respectively incomparable to P. If P = (x,y), then we will use the
notation P*(x,y), P~ (x,y), Pl(x,y), P*(x,y). For a set S of elements we write S| =
Npes PIl. For a point P € @Q, the lines forming 0P+ in the a-ordering <, will be
denoted by e,y p and e, p.

2 Longest chains, antichains

In this section, we address the problem of finding L, ,, for a € (0, 7). Note that if we
denote by T the rotation by angle 7 around the point (%, %), then for any P, P, € QQ
we have that P, and P, are comparable in the a-ordering if and only if TP, and T'P,
are incomparable in the (7 — «)-ordering. Thus if W, ,, denotes the size of the largest
antichain in P,,, then L,, and W;_,, have the same distribution and hence all
results about Ly, or LY, can be converted to results about Wy_qn or WY, .

Let us begin with stating the theorem concerning the size of the longest chain in
P% n or PI%J,TL

Theorem 2.1 (Logan, Shepp [13]; Vershik, Kerov [15]). Both Ly ,./v/n and LY ,/\/n
tend to 2 in probability as n — oo.

In our proofs, we will use the following concentration result:

Theorem 2.2 (Kim [12]). If 0 < 6 < n'/3/20, then
403/

3

P (L7, - 2vm)| > n/%) < exp (— ; ¢<0>) |

where

o 0 5logn 3/2
gb(Q) T (27n1/3 + «91/2711/3) 07",

Let R, denote the rhombus with two of its vertices being (0,0), (1,1) and having
angle a at these vertices. Note that the area of R, is tan §. Furthermore, for any
measurable subset S C R?, write 735 ,(S) for the probability space of random partial
orders obtained by placing points in R? according to a Poisson process of intensity
n and then taking the a-ordering of those points of this process that lie in S. Thus
PL,=PL.(Q)=PL,(Rs). Weshall often vary the set S, in which case we consider
the Poisson process on R* as being fixed and each PZ (S) a partial suborder of the



same partial order 775 L(R?). Let T* denote the linear transformation of the plane
that fixes the line y = = and takes (1,0) to the vertex of R, lying in the half-plane
x >y and (0,1) to the vertex of R, lying in the half-plane = < y. Thus the image of
Q under T? is just R,. Clearly, for any P, P, € R? we have P, <3 P, if and only if
TP, <, T*P,. Thus, we obtain the following proposition.

Proposition 2.3. The probability spaces 731: o and PP /tan%(Ra) have the same

distribution. 0

The linear transformation (7%)~! takes the unit square to the thombus Rg with
the property that tan5 = |Rg| = |Ro|™" = (tan§)~'. Thus § = m — a. Therefore
by applying (7T%)~! = T™® we obtain another proposition that we will use in our
proofs.

Proposition 2.4. The probability spaces P}, and 7377 ntan g (Fr—a) have the same
distribution. O

Proof of Theorem 1.1. We first prove the result for Lin by splitting the argument
into two cases.
CasE I o> Z and a <7 —w(n™).

By Proposmon 2.4, LE, has the same distribution as L% ftang (Lir—a). Asa >3
we have R,_, C Q, so L% ntan%(Rw_a) < Lf ntan g» Which by Theorem 2.1 is at most

(2+¢)y/ntan§ whp. as ntan§ > n — oo. For the lower bound, let Sy be the
largest square centered at (2, 2) that lies in R,_,. Inductively define S; for ¢ > 0 so
that S;,; is the largest square in R,_, centered at a point on the line y = = whose
bottom left corner is the top right corner of S;. Similarly define S_;, ¢ > 0, as the
largest square in R,_, whose top right corner is the bottom left corner of S_;,;.
Clearly any two points P € S;, P’ € S, i # j, are comparable in the f-ordering.
Thus one can obtain a chain in PY ntan%(Rﬂ_a) by taking the union of the largest

chains in each PL ntan%(‘s’i>‘ Let the side length of S; be s; and choose ¢ minimal

so that 3%, s; > 1 — 2e. Then for |i| < ¢, the point in S; closest to (3.3) is at
least € from the boundary of @) and so s; > 5(1 —tan(§ — §)) = ©(e(m — a)). Thus
the expected number of points in each S; is sintan§ = Q(e*n(r — a)) = w(1) for
any fixed ¢ > 0. Thus we can apply Theorem 2.1 and deduce that for n sufficiently
large, each Sl- contains a chain of length at least (2 — ¢)s;4/ntan § with probability
at least 1 — 2, say. If I is the Set of 7 such that S; does not contain such a chain,
then E(Ezg sz) <23, s < &2 Thus with probability at least 1 —&, Yiersi<e
and 737r ntan g (Re—a) contams a chaln of length at least

> (2-g)siy/ntang > (2—e)((1—2) —¢)y/ntan$ > (2 — Te)y/ntan g

il

:



as required.
Cask II: a < T and o > w((logn)?/n).

By Proposition 2.4 we can work in Pg}ntan%(Rﬁ_a). As @@ € R,_, we obtain
LE, > (2—¢)y/ntan§ w.h.p. by Theorem 2.1. To prove an upper bound on L[, let

us consider a pair of points P, P, in R,_, generated by the Poisson process. If these
points are not comparable, then they cannot be contained in a chain. Otherwise,
the length L of the largest chain having these points as endpoints is distributed as
2+L%D smtan § (Q), where s is the area of the axis-parallel rectangle S determined by P
and P,. Indeed, S is the set of points that lie between P, and P, in the coordinate-wise
ordering. Furthermore, for any axis-parallel rectangle S the distribution of Lg m(5)
depends only on the area of S (and is independent of the ratio of the length of the
sides). Observe that the largest axis-parallel rectangle in R,_, is the unit square Q)
and thus s < 1. By embedding S in a larger rectangle if necessary, we can stochas-

tically bound each L% ,(S) by L ,,(Q). Thus by Theorem 2.2, we obtain that for
a fixed pair Py, P, the probability that there is a chain larger than (2 + 6)@
is not more than e~ 3%*T9) where we may take § = (ntan2)/3/20. But then
0 = w((logn)?/3) by the assumption on a. Hence e e3840 — (1/n2). The
probability that the number of points generated by the Poisson process is greater
than 2n (and thus the number of pairs is greater than 2n?) is exp(—(n)), thus
LY, <(2+¢)/ntan$ +2 whp.

Finally by choosing Poisson variables X and Y of means (1 — ¢)n and (1 + ¢)n
respectively, we have that for any ¢ > 0, X <n <Y holds w.h.p.. Thus as L, is

monotonic in n, Lfi(l_g)n =Lox < Lon < Loy = L§7(1+€)n w.h.p., and so the result
also follows for L, . O

We note that if o« = m—o(n™") then y/ntan § = w(n). As there are only n Poisson
points on average in ), the conclusion of Theorem 1.1 cannot possibly hold in this
case. The next theorem shows that it also fails to hold when a = o((logn)?/n).

Theorem 2.5. Assume o = o((logn)?/n). Then

P(Lg}n > 3,/ntan%) —1

Proof. By Proposition 2.4 we can work in Pgman%(Rﬂ,a). Let s = (/ntan$ and
tile R? with squares S;; = (i/4s, j/4s) + [0,1/4s]* of side length 1/4s. For each 4, let
Ci = {Si+j; : Sitj; € Rrx_o} be the set of these squares in a diagonal sequence that
lie inside R,_,. Then there exists a K > 0 so that C; consists of at least 3s squares
for all 7 with |i] < Ka™!. If each of the squares in C; contains a point of the Poisson

as n — oQ.



process, then one obtains a chain of length 3s. The expected number of points in one
of these squares is 1/16, so this happens with probability (1 —e~1/16)=3s > ¢=9_ The
events that each square in C; contain a point are independent for distinct ¢. Thus if
Ka'e™ — oo then w.h.p. a chain of length 3s will exist. However this occurs as
5 = 0O((na)?) = o(logn) and a~! = w(n'/?). O

By comparing L, with L, we deduce that if a = o((logn)?/n) then P(Lq,, >

(3—¢)y/ntan$) — 1.

3 Connectivity

Winkler [16] showed that G'g ,, is connected and has diameter 3 w.h.p.. In this section
we consider the case when o # 7. After some easy preliminary results, we address

the case of « larger than 7 and prove Theorem 1.2 in several parts. The following
proposition is straightforward but will be useful in the proofs of our results.

Proposition 3.1. The area |Pll(z,y)| is maximized at z = y = 0 with
|P1(0,0)] = min{1,1 — tan(F — $)}.
Furthermore, if P(z,y) € Q\ (P1(0,0)u P!(1,1)) and = < g, then
[Plz,y)] = (2 + (1 - y)*)(tan(] + §) — tan(] — §))/2 = (2" + (1 — y)*) tan .
[
Theorem 3.2. Fach of the following occur with high probability,
(1) Pan contains a pair of incomparable elements if a =71 —w(n™?),
(i)
(iii)
)

(iv) Pan is an antichain if a = o(n™?).

Pon is a linear ordering (so the diameter of G, is 1) if a=m —o(n™?),
P

wn contains a pair of comparable elements if o = w(n™?%),

Proof. We prove (iii) and (iv), then (i) and (ii) follow by applying the coupling be-

tween Py, and Pr_q,, defined by the rotation by angle 5 around the point (3, 3).
W.l.o.g. we may assume that o = o(1). Let X;; denote the event that P, P; €

Pa.n are comparable and let us write X = 219' <j<n X; ; for the number of pairs of

comparable elements. Clearly, we have

B0 = ()50 = (5) [ 1 / | P(e )| dody.
7



By Proposition 3.1, |Pll(z,y)| = (

22 4 (1 — y)?) tan a except on a set of size at most
2|P1(0,0)| where it is at most |P(0,0)| = ©

(tan ). Thus

)
E(X.,) = 2//0< @+ (= y) tmadedy + O(PI0.0)) = Oa).

Hence by the assumption o = o(1) we conclude that E(X) = ©(n?«a). This gives
that if & = o(n™?), then E(X) = o(1), which proves (iv), while if @ = w(n™?) then
E(X) — oo. Note that if {i, j} N {7, j'} = 0 then the random variables X; ; and X, ;
are independent. Furthermore, as Proposition 3.1 states |Pl(x,y)| is maximized at
|PI(0,0)], we have

E(X;;Xix) = P(X;; = DE(X,p | Xiy = 1) < E(X,;)[P1(0,0)].

Therefore
Var(X) = Y (E(X;; Xv ) — E(X)E(Xy ;)
i’j’,[:/’jl
< (" EXi ) [P1(0,0)] + (5)E(Xi,)
= O(n’a® + n’a).
Thus Var(X) = o((EX)?) and (iii) follows from Chebyshev’s inequality. O

Theorem 3.3. If a =2 +w(n~'/?), then the diameter of G, is at most 2.

Proof. For any 0 < z < 1 let Q; = [0,z]* and Q] = [1 — z,1]%. Note that for
any P € @\ QT/Q we have QF C Pt if (3 — z) taLnO‘_Tw/2 > 7 and similarly for any
P eQ\Q;, wehave @, C P~ if (3 — ) tan a—T7r/2 > x. By the assumption on o we
obtain that this inequality holds for some x = w(n~'/2) which implies that both Q7
and ), contain a point from P, , w.h.p..

By these observations, if P, P, € @\ Qfm or Pi,P, €@\ Q;ﬂ, then they have

a common neighbor in G, w.h.p., and if neither of the above hold, then P, € QT/Q,
P, e Q1_/2’ and thus P, < P, or P, € QT/Q, P e Ql_/Q and thus P, < Ps. O

Theorem 3.2 (i) and Theorem 3.3 yield the following corollary.

Corollary 3.4. If both a —Z = w(n™?) and 7 — a = w(n™?) hold, then the diameter
of Gan 152 w.h.p.. O

The following theorem states that the lower bound of Theorem 3.3 is tight. Its
proof is basically the same as Winkler’s proof in [17] but to simplify the independency
argument we work with the Poisson model.

8
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Figure 1: Finding points at distance 3.

Theorem 3.5. Let a = + o(n""/?). Then w.h.p. the diameter of GE, is 3.

a,n

Proof. The fact that the diameter is at most 3 w.h.p. comes from Winkler’s result
that the diameter of G, (and hence also Gg ) 18 3 wh.p.. Hence it is enough to

show that w.h.p. there exist P, P, € Pclin with PlH N P2” N P{in = 0.
1

Write a = 5+ e where 3 = (3, — oo. Fix an integer ¢ and construct rectangles
Ao, Ay, ..., Ay, By, By, ..., By, Cy,Ch,...,Cy, Dy, Dy, ..., D, as in Figure 1. Rectan-
gles A;, B;, C;, D; will each have width 3in~/? and height 5~ ¢n~'/2, hence their
area is 1/n and the probability that they contain a point in PF is 1 —1/e.

Let J C @ denote the set of points that are contained in at least two of the
rectangles defined above and let A, = A;\ J, B, = B;\ J, C] = C;\ J, D} =
D; \ J. The area of the region A4; NJ;.; 4; is ﬁgl/gnfl, so the area of J is at most
4067~ = o(n™'). Thus J N PL, =0 wh.p.. Note that for sufficiently large n,
tan(§ — §) < lﬁ and 3¢ > 2, so tan(g — ) < gD/ tp=1/2 — g=i/tn =172 for all
i < {. Therefore if say P = (v,y) € Cj and P’ = (2',y') € B} with P <, P', then
y > y—ﬁﬁ(iflwn_l/2 +ﬁﬁi/£n_1/2 and so j > i — 1. Similarly, if P € D and P’ € B;
with P <, P’ then j < i+ 1. Corresponding results hold for P’ € A, so for any
pair of points P, € C!, P, € D! we have (P)'n P2H) \JCA JUAUA, ,UB ;U
B{UB,,,. Let E; denote the event that C%,,, NPl and D, , N'PL are not empty
but (Aj_; UAjUA],, UB]_UBjUB;,,)NPY, is empty. By the above, if n is large

7



enough then any of the events Ey, Iy, ..., Ey_1)/3 would provide us a pair of points
whose distance in G, is at least 3. As these events are independent, the probability
that none of these events hold is at least (1 — e~ 5(1 — e72)2)¥/? for large n, which is
smaller than any fixed £ > 0 provided ¢ > £(¢). O

Corollary 3.6. Let o = I +o(n~'/?). Then w.h.p. the diameter of Ga is 3.

Proof. The fact that the diameter is at most 3 w.h.p. comes from Winkler’s result
that the diameter of Gz, is 3 w.h.p.. Hence as above it is enough to show that

w.h.p. there exist P, P, € P,, with PlH N PQH N Pan = 0. Let X be a Poisson
variable with mean n 4+ n%3. Then by Theorem 3.5, w.h.p. there exist P, Py € P, x
with P1” N P2” N Pyx = 0. But wh.p. X > n, so by removing X — n points of
P, x at random we obtain an instance of P,,. Clearly PlH N P2H N Pan = 0, and,

conditioned on X, with probability at most n?/X? neither P, nor P is removed.
Since n?/X? =1— O(n~'/3) w.h.p., the result follows. O

Now we turn to the case a < 7. The following definition is the key ingredient to
understanding what can make G, ,, disconnected.

Definition 3.7. Let P be a finite partial suborder of ) equipped with the a-ordering.
We say that C' € Q (not necessarily in P!) is a cut point of P if ClNP = 0.

We will need the following lemma.

Lemma 3.8. Let P be a finite partial suborder of @ equipped with the a-ordering
where o > 0. Then its comparability graph G is disconnected if and only if at least
one of the following the possibilities holds:

(i) |P| > 1 and there exists P € P such that P is a cut point of P.

(i) there exists Py, Py € P such that the intersection C = (c1,¢2) of eq+ p, and
€a.—.p, 1S a cut point of P and there exists points P = (z,y) and P’ = (2',y)
of Pwithe —y<c—cy<a' —vy.

Proof. Case (i) corresponds to an isolated vertex in the comparability graph G and
a cut point satisfying (ii) defines a cut in G. To see the other direction of the
lemma, let us suppose G is disconnected. If there exists an isolated vertex in G,
then the corresponding element of P is a cut point and (i) holds. If there is no
isolated vertex, then consider a “leftmost” component of G, i.e., one which contains
an element P = (x,y) of P with z — y being minimal. Note that components can
be ordered by the values of  — y of their points, since if P = (z,y) does not lie in
a component C of G and if C contains points P’ = (2/,y') and P” = (2”,y") with
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¥ —y <x—1y<a”—1y" then by considering a path from P’ to P” it must contain
two such points that are comparable. But then either P’ or P” is comparable to P.
Let P, (P,) be the element in this component with e, i p, (€q.— p,) being closest to
the point (1,0). Let C be the intersection of e, + p, and e, — p,. Then C' is a cut point
as if P € CT NP then P -, P; but e, 1 p lies to the right of e,  p,, and similarly if
P e C~ NP then P <, P, but e, _ p lies to theright of e _ p,. f C =Py or C = P,
(and in particular, if P, = P,) then C' is an isolated vertex and (i) holds. By choice of
leftmost component, any point P = (z,y) in this component satisfies x —y < ¢; — ¢z
and any point P’ = (z/,y’) not in this component satisfies ¢; — co < 2’ —y'. Thus (ii)
holds. O

Proposition 3.9. If a = o(1) then G, is disconnected w.h.p..
1—

Proof. We claim that C' = (al/é\/ﬁ’

Proposition 3.1 we have |Cll| = - tana = O(
w.h.p., while both squares [0, m] X [1—

al/é\/ﬁ) is a cutpoint of G,,. Indeed, by
al/S) = 0(1/n) and thus Cll'is empty

e 1 and (=, 1] x 0,1 — ]
are non-empty w.h.p.. Therefore G, is disconnected. O]

Proposition 3.10. For any fixed a with 0 < o < 7 there exist constants 0 < pq, p;, <
1 such that

Pa <P(GY,, is connected) < pf,.
Proof. The existence of p!, follows from the fact that the point C' = (\/iﬁ, 1— \/Lﬁ) is a
cut point of Gap’n with positive probability.

We still have to prove a lower bound on the probability of G¥, being connected.
Write t = tan § and let xq, 9, ..., %, be a geometric sequence with ratio r = 1 + ¢,
T, = \/iﬁ and x,, the largest element of the sequence with z,, < 1. Define squares in
the following way: for each integer 1 < i < m/2 let I,y = |0, %Igi_l] x [1— (14
D91, 1 — 291] and Iy; = [z, (1 + £)xa] x [1 — Lzg;,1]. Let U; and V; denote the
top-left and bottom-right corner of I;. Note that e, _ y,, meets the line z = 0 at the
point P = (0,1 — Lzg; — (1+ 5y tan(f — §)). Now tan(f —§) = (1—t)/(1+¢) and
To; = (1+t)l‘2i_1 so P = (O, 1—%(t(l‘i‘t)‘i‘(z—i—t)(l—t))$21_1> = (O, 1—1’21'_1) = UQi_l.
By symmetry, €, 1 v, meets Va;, s0 Iy and Iy lie between e, _ py,, and eq 4 v,
Hence Io;_1, I5;41 <o Io;. Thus Ity <, Is =4 I3 <o Iy =4 - ... Let J; be the image of I;
when reflected to the line x = y, therefore we also have J; <, Jo =4 J3 <o Js4 =0 - ...

Let E; denote the event that all ;s and J;s are non-empty, let Fy be the event
that PL, does not contain any point in S = [0, 2] x [1 — z1, 1] U [1 — 21,1] x [0, 2]
and let E3 denote the event that the points of Pin in R, U I, U J,, lie in the same
component of Gin. The events F; and F5 are independent as they involve disjoint

areas. ]P(El) — H?ll(l o e—rz(i—1>)2 2 Hfil(l . 6—7‘2(1'71))2 > 0.
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Figure 2: Connecting I, to R,.

Claim 3.11. P(E; | £1) =1 —o(1) and thus P(E; N Ey N E3) is larger than some p!
that does not depend on n.

Proof of Claim. By applying Winkler’s result and the linear transformation 7% we
obtain that the points in R, lie in the same component w.h.p.. The event F; implies
that all points in J;", I; are contained in the same component and so are those in
Ui~, Ji- Consider any point P € I,,, U J,,,. Let Ay, Ag, A3, Ay denote the 4 triangles
forming P”(%, %) \ R, and let Ry, Ry, R3, R, denote the 4 parallelograms obtained
by dividing R, into 4 equal pieces similar to R, (see Figure 2). Observe that, by
the definition of m, Pl contains one of A; which are of constant size, thus they are
non-empty w.h.p., and so are the R;s. If Q € A;, then Q! contains one of the R;s,

thus P is connected to a point of R, by a path of length 2. O
Claim 3.12. If E;, F5 and FEj3 hold, then Gg,n is connected.

Proof of Claim. As E5 and Ej3 hold, all points lying in R, and | J;",(f; U J;) belong
to the same component. But Q \ S C Rl U U?;(IZH U Ji”). O

Claim 3.11 and Claim 3.12 finishes the proof of the proposition. n

Corollary 3.13. For any fized o with 0 < o < § there exist constants 0 < pq,p, < 1
such that
Pa < P(Gyn is connected) < pl,.

Proof. As above, the existence of p/, follows from the fact that the point C' = (\/iﬁ, 1—
\/Lﬁ) is a cut point of G, with positive probability. For the lower bound, let X be a
Poisson variable with mean (1 — ¢)n and consider P, , as (w.h.p.) 775(1_6”) = Pax

12



with n — X additional points added uniformly at random. The proof of Proposi-
tion 3.10 shows that with probability at least p,, G4 x is connected and moreover
that any point of @ \ S is comparable to some point in G, x. Thus adding points in
@\ S will preserve connectivity. But the probability that any additional point lies in
S is at most |S|(n — X) which is < e w.h.p.. O

Lemma 3.8 tells us that G, is disconnected either because of the existence of an
isolated vertex or a cutpoint defined by two points in P, ,,. To have some more insight
on the probability distribution of the number of such points we prove the following
two lemmas.

Lemma 3.14. For any fized o, 0 < oo < §, let Y (n, ) denote the number of isolated

vertices in Gon. Then
0
lim E(Y = )
P (Y(n, a)) 2tan o

Proof. The probability that the vertex corresponding to a point P is isolated is given
by

p=[ [ 0= 1Ple ey

For large n, the square [0, 1‘\1%1] x [1— 22 1] is disjoint from (P!(0,0)u Pl(1,1)) and

n

logn

thus by Proposition 3.1 for points lying in [0, ¥ | % [1—%82 1] the area |Pll(z, 1 —y)|

is (2% +4?) tan o and for points in [1 — 1‘\’%‘, 1] x [0, 1‘\)}5;] we have |Pl(1—z,y)| = (22 +

‘ =
y?)tan o.. For points outside these squares the area |Pll(z,y)] is at least € ((10521@)2)’
thus

logn logn

vn Vn
p= 2/ (1 — (2 + »*) tan )"~ dady + n~Uoe™
0 logn 0 logn
-9 vn vn e—n(x2+y2)tana d[de + n—Q(logn)’
0 0

where we have used the fact that e™* = (1—24+0(z?))" = (1—2)"+0(nz?) for z < 1,
and hence (1 — 2)" ! = 7™ + O(z + nz?) = O((logn)*/n) when z = O((logn)?/n).
Writing v = vntanaz, v = v/ntan ay we obtain

Vtanalogn 2
p= - / ey | 4 osn) — T —Oogn)
ntana \ Jo 2n tan o

The result now follows since E(Y'(n, a)) = np. O

13



Let us define the following random variables: Z; .o (Z;jaa) is the indicator
variable of the event that both P;, P; € P, lie in the half-plane y > z (y < ), the
point C' = eq 4 p, Neq, p; is a cut point of Py, and C' is closer to the line z = y than
P; and P;. Note that the events associated with Z; ;, . and Z;;, o are not the same.
By the result of Winkler [16] and applying the linear transformation 7% defined in
Section 2, we know that the points of P, , lying in the rhombus R, form a connected
component. Lemma 3.8 shows that the sum of the random variables Z; ; , o, Z; jda is
the number of components that contain more than one vertex and that are different
from the component containing the points in R,. If we denote the sum by Z(n,a),
then we obtain the following proposition.

Proposition 3.15. G, , is connected if and only if Y (n,a) + Z(n,a) = 0. O

Lemma 3.16. For any o < 5 let us write t, = tan(§ — 5). Then

. ta
7}2{)10 E(Z(n,a)) = e
Proof. Let us compute E(Z;u0) = P(Zijua = 1). The intersection point C' =
(x,1 —y) of eq4 p and €a,—,p; determines two line segments on which P; and P;
should lie. Allowing the these lines to vary by distances du and dv perpendicular to
themselves causes these lines to trace out two infinite strips S; and Sy of widths du
and dv respectively. Now fix these strips and allow F;, P;, and C to move. If F; lies
in S; and P; lies in S5 then C' lies in S7 NSy, and conversely, if C' lies in S; N Sy then
P; lies in S; and P; lies in S;. The intersection of S; and S is a parallelogram of
area dudv/sin . Requiring P; to be to the left of C' and P; to be above C' restricts

these points to regions of area approximately xdv/cos(§ — §) and ydu/cos(§ — §)
respectively. Thus we can estimate the probability that C' lies in the parallelogram
S1 NSy given a random choice of P; and P; as zy dudv/ cos*(§ — %) and hence the
probability density function of the location of C' is on average about
xy dudv/ cos?(Z — & Ty sin o
y / ,(4 2) = y = 2xyt, tan
dudv/ sin « cos?(§ — %)

in a small parallelogram near (x,1—y). Here we have used the identity 2, cos*(§ —

§) = 2sin(§ — §)cos(§ — §) = sin(§ — ) = cosa to simplify the trigonometric

expression. Thus we have

P(Zi,j,u,a = 1) = 2t, tana//+ 1 Q;y(l _ |C”(x, 1_ y)|)n72 dady.
T+y<

Using Proposition 3.1 as in the proof of Lemma 3.14, this becomes

logn logn
vn Vn _ 2,2 _
2t, tan o pye M@V tana go gy, 4~ $ogn)
0 0
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Writing again u = v/ntanax, v = v/ntanay we obtain that

Vtanalogn , 2
E<Zi,j,u,a) = 2t, tan « / we ™ du | + n—ogn)
ntana J,
— t—o‘ —Q(logn)
2n? tan o " ’
The result follows as E(Z(n,a)) = n(n — 1)E(Z; jua) + n(n — 1)E(Z; j40)- 0

By Lemma 3.14 and Lemma 3.16 we obtain the following corollary.

Corollary 3.17. If*P denotes the property of having a connected comparabilty graph,
then

There are many examples for hitting-time results in the Erdds-Rényi random
graph process that link some monotone graph property to the minimum degree. One
of the earliest and most well-known such result is due to Bollob4ds and Thomason
[6]: whenever the minimum degree becomes 1, the random graph gets connected. We
finish this section with a result which shows that the evolution of Gy, and GY, is
very much different from that of the Erdds-Rényi graph.

Proposition 3.18. For any fixed o < § there exists a constant p, > 0 such that

IP)(G(];TZ is disconnected but contains no isolated vertices) > p/.

Proof. We will use the ideas and definitions of Proposition 3.10. Let E} denote the
event that P[ does not contain any point in S" = ([0, 9] x [1 — z1,1] N (Pl(0,1 -
x1) U Pl(z,1)) U [l — 21,1] x [0, 5] and contains exactly 2 comparable points in
S" = ([0,29] x [1 —21,1] \ (P1(0,1 — 21) U Pl(25,1). If Ey, E3 are as defined in
Proposition 3.10, then as in the proof of Proposition 3.10 £yNE,NEs implies that Gin
contains 2 connected components one of which consists of the 2 points of 735 L NS
The events F; and E} are independent as they involve disjoint subsets of ) and their
probability is bounded away from 0. Thus we are done by Claim 3.11. [

Note that a similar statement for P,, holds with a proof identical to that of
Corollary 3.13.
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4 Concluding remarks and open problems

Theorem 1.1 states that the size of the largest chain in P, is asymptotically 2,/n tan 5
provided a does not tend to 7 or to 0 too quickly. We would be interested to know
what can one say when the conditions of Theorem 1.1 are not satisfied. Note that
Theorem 3.2 settles the case of extremely quickly convergent « as the proof of its
part (i) shows that if 7 — a = w(n™?), then L,, < n — K for any constant K. The
threshold function of the existence of a chain of length r cannot be deduced directly
from Theorem 1.1 (iii), but a very similar proof works of which we give a sketch here.

Theorem 4.1. For any fixed r > 2 we have

1 ifazo(n_r:1>,
lim P(L,, <r)= .
n—00 0 if a=w (n_ﬁ> )

Proof. W.l.o.g we may assume that @ = o(1). Let Xj;, ;. denote the indicator
function of the event that P, <, P, <a -+ <a F;, holds. As in the a-ordering we
have |P*(z,y)| = O((min{l—z,1—y})*a), so we see that p, := E(X;, ;) =0O0(a"1).
Thus the expected number of chains of length r is E(X,,,) = ©(n"a’~!) from which
the first statement follows.

Clearly, if i1,...,4, and 4}, ..., are all distinct, then X;, _; and Xy _; are in-
dependent and E(X;, . ; Xy i) =p2 Ifiy,... i, and @), ..., i, have j > 1 elements
index sequences we have E(X;, _;, Xy i) = O(a?"~'77). Summing over all possible
7 we obtain

E(XZ ) = nenpi+y O™ 7o) = (L+o(1)) (nppr)* = (1+o(1)(E(Xara))?,

j=1

where ny = (n+'r), and we used a = w (n_frl) for the second equality. The theorem
follows from Chebyshev’s inequality. m

Concerning the connectivity of G ,, the most important open problem is to de-
termine the limiting probability lim, .. P(G,,, is connected) for any fixed 0 < a <
R Another problem that remains open is to calculate the diameter of G,, when
a =% — [ with 0 < 3 = o(1). Note that Corollary 3.17 states that in this case G,

is connected w.h.p..
Acknowledgement. We would like to thank an anonymous referee for bringing

some of the references to our attention. This enabled us to strengthen Theorem 1.1
to its present form.
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