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Abstract

Given a pair of vector spaces V and W over a countable field F' and a prob-
ability space X, one defines a polynomial measure preserving action of V on X to
be a composition T o ¢, where ¢p:V — W is a polynomial mapping and T is a
measure preserving action of W on X. We show that the known structure theory
of measure preserving group actions extends to polynomial actions and establish a
Furstenberg-style multiple recurrence theorem for such actions. Among the com-
binatorial corollaries of this result are a polynomial Szemerédi theorem for sets of
positive density in finite dimensional modules over integral domains as well as the
following fact: Let P be a finite family of polynomials with integer coefficients and
zero constant term. For any o > 0 there exists N € N such that whenever F is a
field with |F| > N and E C F with |E|/|F| > «, there exist u € F, u # 0, and

w € E such that w+ p(u) € E for all ¢ € P.

0. Introduction

Many familiar theorems of combinatorics and number theory establish combinatorial
and/or arithmetic richness of large sets in groups or rings. For example, Szemerédi’s
theorem ([Sz]) states that any set E of natural numbers having positive upper density
d(E) = limsupy_, . MNNH > 0 contains arbitrarily long arithmetic progressions. An
equivalent formulation, more geometric in spirit, says that if a set £ C N satisifies d(E) > 0
then for any finite set S C Z there exist z € E and n € N such that z +nS = {z + ns :
s € S} C E. In other words, sets of positive upper density in N contain homothetic
images of every finite set of integers. An ergodic-theoretic proof of Szemerédi’s theorem
given by Furstenberg in [F1]| has connected density combinatorics with the phenomenon
of multiple recurrence in ergodic theory and has led to powerful new results in this vein
for which no non-ergodic proofs have been offered. (The original proof of Szemerédi’s
theorem, by contrast, is purely combinatorial, and Gowers in [G] provides yet another
non-ergodic proof, with very good bounds, proceeding via harmonic analysis.) In order
to formulate some results of this type, we introduce the following more general notion of
upper density: if G is a countable abelian group and F C G, the upper Banach density

of E is given by d*(E) = sup (8,3 Im |E|gq>|"|, where the supremum here is taken over all
n—00 n
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Fglner sequences for G. Now, our first example of a result having as yet no non-ergodic
proof is a multidimensional version of Szemerédi’s theorem established by Furstenberg
and Katznelson in [FK1], which states that if d € N and E C Z¢ with d*(E) > 0 then
E contains homothetic images of every finite set S C Z?. Our second such result is an
extension of the first: a polynomial Szemerédi theorem ([BL1]) which says, roughly, that
for any polynomial mapping P: Z¢ — Z°, d, c € N, it is the case that every subset E C Z°¢
with d*(E) > 0 contains “homothetic affine P-images” of all finite subsets of Z:

Theorem PSZ. Let P:7Z% — Z° be a polynomial mapping with P(0) = 0 and suppose
E C Z¢ with d*(E) > 0. For any finite set S € Z¢ there exist u € Z° andn € Z, n # 0,
such that u+ P(nS) = {u+ P(ns): s € S} C E.

From Theorem PSZ one can derive the following finitary version (which is easily shown
to be equivalent to Theorem PSZ):

Theorem PSZf. Let P be a polynomial mapping Z¢ — Z° with P(0) = 0 and suppose
S is a finite subset of Z%. For any o > 0 there exists N such that whenever m > N and
E is a subset of {1,...,m}¢ with |E|/m° > «, there exist u € Z° and n € Z, n # 0, such
that u+ P(nS) C E.

It is natural to inquire whether Theorem PSZ is a manifestation of a phenomenon
pertaining to polynomial mappings of more general structures. In particular, one would
like to know whether statements analogous to Theorems PSZ and PSZf hold for modules
over arbitrary rings. Another natural question is whether there exists a result about
polynomial mappings of finite fields which would be analogous to Theorem PSZf. A strong
indication that one might expect affirmative answers to these questions is provided by the
validity of a polynomial Hales-Jewett theorem ([BL2]), from which one can derive partition
results of this kind.

The goal of this paper is to show that the answers to the questions raised above
are positive in certain cases. For example the following two theorems appear below as
Theorems 5.12 and 5.18.

Theorem. Let K be a countable integral domain, let M be a finitely generated K -module
and let ¢ be a polynomial K¢ —s M with ©(0) = 0. For any finite set S C K¢ and any
E C M with d*(E) > 0 there exist u € K, u # 0, and w € E such that w + ¢(uS) C E.

Theorem. Let P be a finite family of integer polynomials with zero constant term. There
exists N € N such that whenever F is a finite field with |F| > N and E C F with
|E| > «|F|, there exist u € F, u # 0, and w € E such that w + ¢(u) € E for all ¢ € P.

To achieve our goal we use the ergodic method pioneered in Furstenberg’s seminal pa-
per [F1], which allows one to reduce the original combinatorial problem to that of demon-
strating a type of multiple recurrence in measure preserving systems. However, in order to
obtain the results in their proper generality one has to circumvent some obstacles which
were not present in the more special situations treated in [FK1] and [BL1]. The first major
problem is related to the fact that the structures we deal with (integral domains, e.g. Z[z],
countable fields, etc.) may be infinitely generated as abelian groups. While this would
not apriori be an issue if we considered only linear expressions, it becomes relevant when
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polynomial expressions ¢ are considered, due to the fact that we are forced to work with
“derivatives” of ¢ having the form ¢, (u) = ¢(u + v) — ¢(u) — ¢(v), where v can be any
element of the infinitely generated group under consideration. (Note these are identically
zero when ¢ is linear.) The issue, then, is not so much infinite generation of the v’s as
infinite generation of the ¢,’s that come into play, despite the fact that we start with only
finitely many ¢’s. Such complications do not arise when the underlying group is finitely
generated, nor do they arise when the expressions involved are linear. The difficulties are
in fact confined to a single portion of the proof, and this prtion is unique to the ergodic
setup; namely the existence of so-called primitive extensions.

The difficulties arising when polynomials are mixed with infinite generation are not
new. We deal here with the most common mode of convergence in ergodic theory, namely
that based on Cesaro averaging, but there is another type of convergence, so-called IP-
convergence, that may be employed as a potential alternative strategy (see [FK2], [FK3],
[BFM], and [BM]). Ergodic theorems phrased in the language of IP-convergence have
a familiar look: certain sequences of unitary operators have limits that turn out to be
orthogonal projections. These ergodic theorems form the core of an IP-structure theory
on which are based the proofs of IP Szemerédi-type results. As of now, the existing lines
of argument seem not to work when the families of “derivatives” of the IP expressions
dealt with are infinitely generated. Indeed, a counter-example in [BFM] shows that, even
in the most basic case (pertaining to single recurrence), known polynomial IP ergodic
theorems do not carry over to the infinitely generated situation. Limits of certain IP-like
expressions having a polynomial nature need not necessarily be orthogonal projections,
and it is therefore unclear how to establish even single recurrence for the corresponding
systems of measure preserving transformations. One would not therefore automatically
expect it to be easy to overcome infinite generation in our current setup either, but as it
turns out, certain algebraic properties of fields carry the day.

Let us elaborate. Suppose P is a finite set of polynomial mappings from a finite
dimensional vector space V to a vector space W over an infinite field F', and let U be
a measure preserving action of W on a probability space X. In an approach analogous
to that of [FK1], we reduce the general problem of multiple recurrence for P in X to the
situation where, for each ¢ € P, the polynomial action U(g) of V on X is either (relatively)
compact or (relatively) weakly mixing. To do so, we need to choose a maximal subgroup
in W which acts in a compact way on a nontrivial subspace L2(X) of L2(X), and then
replace X by X. However, if W is not finitely generated, such a subgroup does not have
to exist. We note however that the group (¢(V)) generated in W by the elements ¢(v),
v € V, is not arbitrary: if char FF = 0, (¢(V)) is a vector subspace of W (Theorem 1.13);
if char F = p > 0, then {(¢(V)) is, in our terminology, a p-subspace of W (Theorem 1.21
and section 1.25). We show that, like conventional subspaces of a finite dimensional vector
space, p-subspaces satisfy the ascending chain condition (Lemma 1.28), which solves the
problem.

A second issue that does not arise in [FK1] or [BL1] is that our multiple recurrence
theorems are required to be uniform in the sense that they must hold along arbitrary
Fglner sequences. A familiar instance of this phenomenon is the classical von Neumann
ergodic theorem, which can be given a “uniform” formulation: for any Fglner sequence in
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Z, in particular, for any sequence of intervals @ = [Ny, M| with My — Ny, — oo, and for

any unitary operator U on a Hilbert space H, klim ﬁ Zﬁi’ﬁm U™ f exists in the strong
—> 00

topology for any f € H, and equals the orthogonal projection of f onto the subspace of
U-invariant vectors. The combinatorial significance of the fact that our multiple recurrence
theorems hold along arbitrary Fglner sequences is that it insures that the “good” parame-
ters of the sought-after configurations are more plentiful than would otherwise be known.
For example, one would like to know not only that for any set E C Q% with d*(E) > 0,
any polynomial mapping P: Q¢ — Q° satisfying P(0) = 0 and any finite set S C Q% one
can find w € Q° and r € Q, r # 0, such that Sy, , = w+P(rS) = {w—i—P(rx), x € S} CFE
(this follows from Theorem PSZ), but that there are many such images. In particular, one
would like to know that {7‘ : there exists w such that S,,, C E } is a syndetic (or relatively
dense) set — a fact which follows from the special case K = Q of Theorem 5.2 below. (A
subset S of a countable abelian group G is syndetic if finitely many shifts of it cover G.
See section 2.6 below.)

Uniformity is achieved by using (in place of a polynomial van der Waerden result, as
in [BL1]) a polynomial extension of the Hales-Jewett coloring theorem obtained in [BL2].
This method, which was originally inspired by a judicious and ingenious use of the (linear)
Hales-Jewett theorem in [FK2], was previously employed in both [BM] and [Le]. That we
are able to use the technique again here is a consequence of the fact that it is impervious
to infinite generation of the underlying group.

Finally, one more difficulty which demanded the introduction of new and the sharp-
ening of old techniques is that our goal is to establish a general result holding for fields
of both finite and infinite characteristic. In an attempt to streamline our proofs, we have
attempted, where possible, to unify both cases in a single line of argument. See section 3.8
for an example of this unification effort.

In most of the paper we deal with polynomial actions of finite dimensional vector
spaces over countable fields. In particular, we prove our polynomial multiple recurrence
theorem in this setup. We use then a combinatorial argument (see Chapter 5) to derive
from it a more general recurrence theorem pertaining to finitely generated modules over
countable integral domains. An advantage of this approach is that, unlike in the case
of general polynomial actions of modules over integral domains (unlike the most general
IP polynomial case as well), for polynomial actions of fields one has a polynomial ergodic
theorem (due to P. Larick in [La]) showing that the limits of ergodic averages in polynomial
von Neumann-type theorems do in fact turn out to be orthogonal projections. This makes
the “polynomial” situation more closely resemble the “linear” one and facilitates handling
of some delicate points in the proof. A modest extension (Theorem 3.10) of Larick’s
theorem is employed in the development of the structure theory we utilize in our proof of
Theorem 4.14, which is the main ergodic-theoretic result of this paper and which we now
state.

Theorem. Let V, W be finite dimensional vector spaces over F, let U be a measure
preserving action of W on a probability measure space (X, B, u) and let P be a finite family
of polynomials V. — W with zero constant term. Then for any B € B with u(B) > 0
there exists ¢ > 0 such that the set {u €V : ”(ﬂcpeP U(p(uw))B) > ¢} is syndetic in V.
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The structure of the paper is as follows. In Chapter 1 we investigate algebraic prop-
erties of polynomial mappings of finite dimensional vector spaces over infinite fields. In
particular we obtain results, crucial to our work in Chapter 3, pertaining to spans of the
images of such polynomial mappings and their derivatives. Chapter 2 is devoted to vari-
ous properties of densities in countable abelian groups, as well as to establishing a general
version of van der Corput’s difference lemma — a major tool which allows one to handle the
weakly mixing portion of the proof of our main theorem by making it possible to inductively
reduce the complexity of the families of polynomial expressions involved. In Chapter 3 the
algebraic apparatus developed in Chapter 1 and the van der Corput lemma are used to
establish general ergodic theorems for unitary actions of finite dimensional vector space on
Hilbert spaces and Hilbert bundles. (Actually, instead of dealing with Hilbert bundles we
choose an equivalent approach and work with Hilbert-like spaces whose inner products take
values in the space of integrable functions on a probability space.) In Chapter 4 we use
the previously-mentioned fact that our p-subspaces satisfy the ascending chain condition
to establish existence of primitive extensions. The polynomial Hales-Jewett theorem is
then combined with the knowledge gained in Chapter 3 (in the special case of polynomial
unitary actions originating in measure preserving actions of vector spaces), to establish our
main theorem. Finally in Chapter 5 we derive combinatorial corollaries of Theorem 4.14,
including the polynomial Szemerédi theorem for finite fields cited above.

1. Polynomial mappings of vector spaces
Let F' be an infinite field.

1.1. A monomial (over F, in d variables) is a mapping ¢: F¢ — F, d € N, of the form
Y(21,...,2q) = 27t ... 2? with ny,...,ng € Z; (where Z, = {0,1,2,...}). The formal
degree of 1 is defined by deg1) = ny +...+ng. A mapping ¢: F* — W, where d € N and
W is a vector space over F', will be called a polynomial if it is representable as a linear
combination of monomials with vector coefficients: for x = (z1,...,24) € F¢, o(x) =
P1(x)ay + ...+ P(x)a;, where 1q,...,4; are monomials F¢ — F and aq,...,a; € W.
Under the assumption that ¢ is in reduced form, i.e. the 1); are distinct and the coefficients
a; are nonzero, the formal degree of ¢ is defined by deg ¢ = max{degy,...,deg;}.

1.2. Given a finite dimensional vector space V over F', we say that a mapping p: V — W
is a polynomial if it becomes a polynomial after introducing coordinates in V. Clearly, the
choice of coordinate system affects neither the polynomiality of ¢ nor its formal degree.

We are interested in the subgroup of W generated by the range ¢(V') of a polynomial
p: V. — W. We first discuss the properties of general “polynomial mappings” of abelian
groups.

1.3. Let G and G’ be abelian groups, written additively. Given a mapping ¢:G — G’,
and v € G, we define the derivative of ¢ with step v, Dyp:G — G', by Dyp(u) =
o(u+v) — p(u) — ¢(v) + ¢(0). (The “non-standard” terms —p(v) + ¢(0) are present in
order to ensure that D,¢(0) = 0, which simplifies our further computations.) ¢ is called
a polynomial mapping if there exists n € N such that D, ...D, ¢ is constant for any
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V1,...,U, € G. The minimal n with this property is called the degree of ¢; in order to
avoid confusion with the formal degree defined above, we will denote it by Deg¢y. The
reader will notice that we have reserved the term “degree” for a notion more customarily
applied to what we refer to as the “formal degree”. We do this because for our purposes
Deg is a more relevant notion than deg.

For a constant ¢ we put Degy = 0. If Degy < 1 we say that ¢ is linear; it is clear
that ¢ is linear if and only if it is a sum of a homomorphism and a constant mapping.

1.4. The proof of the following lemma is straightforward.

Lemma. (i) If p1,p2: G — G’ are polynomial mappings then p1 + @2 is a polynomial
mapping with Deg(p1 + ¢2) < max{Deg 1, Degs}.

(ii) If ¢:G — G’ is a polynomial mapping and n: G' — G" is a homomorphism, then
n o is a polynomial mapping with Deg(n o ¢) < Deg .

(iii) If ¢: G — G’ is a polynomial mapping and 1n:G" — G is a homomorphism, then
pon is a polynomial mapping with Deg(yp on) < Deg .

(iv) If ¢;:G — G;, j = 1,...,k, are polynomial mappings and n:G1 % ... X G —
G' is a k-linear mapping, then 1o (p1,...,¢k) is a polynomial mapping with Deg(n o
(¢1,---,9k)) <Degpr+ ...+ Degpg.

(All these are special cases of the following fact: the composition of polynomial mappings
is polynomial and Deg(¢1 0 ¢2) < (Deg p1)(Deg ¢2).)

1.5. We now return to conventional polynomials F¢ — W. A monomial 9(x) =
.zt x = (21,...,24) € FY, is a product of nq +- - -+ ng linear mappings of the form
x — z;. Hence, by Lemma 1.4(iv), ¢ is a polynomial mapping with Degy < nj +...4+ng.

By Lemma 1.4(i), any polynomial ¢ = a1 + ... + ¢a; is a polynomial mapping
with Deg ¢ < max{Deg1,...,Degt;}. We will see that when F' has finite characteristic
Deg(¢) may not coincide with deg(¢p).

1.6. Let us undertake exact computations. For ¢(x) = 27" ...2}* and y = (y1,...,yq4) €
F? we have

Dy(x) = Do () ey gy
(m1,.e..;mg)<(n1,...,nq) (11)
(m1,...,mq)#(0,...,0)
(m1 ,...,md);é(nl ,...,nd)

where we write (mq,...,mq) < (n1,...,nq) if m; < n; for alli = 1,...,d. If F has
zero characteristic, the coefficients of all the monomials in (1.1) are distinct monomials
in y with nonzero numerical coefficients. For any two distinct monomials 11 and v, any
two equal monomials in Dy and Dy1ps have, as their coefficients, distinct monomials
in y. Therefore, for any polynomial ¢ = 91a1 + ...+ ¢ya;, where ¥4, ...,1; are distinct
monomials, the polynomial Dy contains all the monomials occurring in the derivatives
Dyipy, ..., Dyt with coefficients which are nonconstant polynomials in y. By induction
we may conclude that Degy = max{Deg1,...,Degt,} and that Deg(z]*...z]*) =
ni + ...+ ng, that is, Deg ¢ = deg ¢.



1.7. If char F' = p < oo, the situation is more complicated. The mappings x — mpk, keZ,,
are homomorphisms and hence linear polynomials. Let us consider a monomial ¢: F' — F,
P(z) = o™, Let n = ng + nmp + ...+ np! with ng,n1,...,n; € {0,1,...,p — 1}, that is,
let (ng,...,n1,n0) be the base p expansion of n. Then z™ = x™ (zP)™ ... (a;pl)”’. For any
k=0,...,1, Deg(z™) < ng and, since x — zP* is a homomorphism, by Lemma 1.4(iii) we
have Deg((xpk)”k) < ng. Let us denote ng+nq+...+n; by Np(n). Then by Lemma 1.4(iv),
Deg(z") < Np(n).

In order to show that actually Deg(z™) = N,(n), we use induction on N,(n). Let us
write

Dy = (e +y)" —a"—y" |
— (I + y)no (xp + yp)nl . (xp + yp )nl — pho (xp)nl . (xp )"l _ yno (yp)nl L (yp )nz

= (m%%:() (Z%)xmo yno—mo) (mio (:Lll).l"mlpy("l—ml)f’) .. (mio (T’:Lll)xmlply(m—MI)p)

—g"o (gP)™ (a:pl)”’ — oy (yP) L (P )™

_ Z (no)(n1) (nl)xmo—i-mlp—i-...—i—mlply(no—m0)+(n1—m1)p+...+(nl—ml)pl.

= mo) \my) o+ \m,

(mo,ml,...,ml)g(no,nl,...,nl)
(mo,ml,...,ml)¢(0,...,0)

(mo,m1,...,m;)#(ng,M1,...,n7)

On the other hand, Dy (z") = st (M)z™y™~™, so we may write

m=1 \m

m=n
m#0
m¥#n

where all the coefficients are nonzero, and where we write m < n if all the digits in the
p-adic expansion of m are less or equal to the corresponding digits of n. In particular,
D, (z™) has a summand of the form cz™, where Np(m) = Np(n) — 1. Hence Deg(z™) >
Deg(a™) +1 = Np(m) + 1 = Np(n).

For a general monomial ¢(x) = z7* ...z} we have
Db = 3 () ()T e,
(ml,...,md)j(nl,...,nd) (1.2)
(mla"'amd)sé(oa"'ao)
(m1,....mq)#(n1,...,nq)
where all the coefficients are nonzero, and where we write (mq,...,mg) <X (n1,...,nq) if

m; <n; for alli =1,...,d. Arguing as before, we get Deg(z7" ...z3?) = Np(n1) +... +
Ny(ng). As a corollary we obtain the fact that the only nontrivial linear monomials are

k
those of the form 2%
of linear monomials.

, and that a polynomial is linear if and only if it is a linear combination



1.8. Let ¢: V — W be a polynomial, ¢ = ¥1a1 + ...+ ¥ja;, where 1)1,...,1; are linear
monomials and Y41, ..., are non-linear. We will call the polynomial A = ¢1a; + ...+
ray the linear part of . (One may check that A does not depend on the choice of
coordinates in V.) We say that ¢ has trivial linear part if A = 0. If X is the linear part of
¢ then D,A =0 and D,(¢ — A) = Dy for any v € V.

In the case ¢(0) = 0 we will also say that ¢ has zero constant term.

1.9. Let us say that a monomial ¢: F¢ — W is separable if 1 is not representable as the p-
power of another monomial: ¢ # §. In other words, a monomial 4, ¢(x) = 27" ...z}¢, is
separable if and only if not all of nq, ..., ng are multiples of p. It is clear that any monomial
k
1 is uniquely representable in the form ¢ = ¢ where k € Z, and 1)y is a separable
monomial. It is also clear that any polynomial ¢: F¢ — W is uniquely representable in
the form ¢ =ny 091 + ...+ 1m0, where 91, ..., are distinct separable monomials and
k .

M, - - -, are homomorphisms F' — W: n;(z) = za;o+2Pa;1+...+ 2P 'ajr;. We adopt
this representation as canonical.

1.10. When W is a vector space over F' and A is a subset of W, we will denote by Span(A)
the subgroup of W generated by A: Span(A) = {ial +...+ax: k€N, ay,...,ax € A}.
In contrast, we will denote the F-subspace of W generated by A, namely Span({xa rx € F,
a € A}), by Spanp(A). We will now investigate the group generated by the range of a
polynomial ¢, Span(Ran(y)).

1.11. The following lemma is trivial.

Lemma. For any mapping ¢:V — W and any v € V one has Span(Ran(Dvcp)) C
Span(Ran(y)).

1.12. Starting from this point we treat the cases char F' = 0 and char F' # 0 separately.
We begin with the case char F' = 0.

Theorem. (i) Let char F = 0, let 9y, ...,%. be nontrivial distinct monomials F® — F
and let ¢ = (11, ...,%.). Then Span(Ran(p)) = F°.

(i) If, in addition, none of ¥, ..., v, is linear, then there exist 1 € N and a nonzero
polynomial 11: (F)" — F such that if y1,...,y. € F¢ satisfy (y1,...,y.) # 0, then
Span(Ran(Dy, ¢) U...URan(Dy, ¢)) = F©.

The case d = 1 of this theorem was obtained in [La].

The proof of Theorem 1.12 will be given in section 1.17; we first formulate some
corollaries of this theorem.

1.13. Theorem. Suppose charF = 0. Let ¢ be a polynomial F* — W with zero
constant term. Write ¢ = Y1a1 + ...+ Ya;, where 1, ..., ¢, are distinct monomials and
ai,...,a; € W. Then Span(Ran(cp)) = Spanp{ay,...,a;}.

1.14. In particular,
Corollary. If A is the linear part of ¢, then Ran(\) = Span(Ran()\)) C Span(Ran(go)).
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1.15. Theorem. For anyd,n € N there existr € N and a nonzero polynomial IL: (F%)" —
F such that for any y1,...,y, € F* with(y,...,y,) # 0 and any polynomial o: F* —
W of degree < n one has Ran(A) + > ._, Span(Ran(Dy, ¢)) = Span(Ran(p)), where X is
the linear part of .

Indeed, for any v € V, Span(Ran(D,¢)) C Span(Ran(¢)), and Ran(A) C Span(Ran(y))
by Corollary 1.14. This implies the inclusion “C”. To get the opposite inclusion, we apply
Theorem 1.12(ii) to the (finite) set of all monomials of degree < n in d variables. We omit
the details.

1.16. Example. Let ¢: F?2 — F3 o(x1,22) = (22,2122, 23). Then, for y = (y1,¥2),
x = (z1,72), Dyp(x) = (2y171, Y271 + Y172, 2yaz2). Clearly this homomorphism F? —
F3 cannot be surjective for any y € F2. Take any z = (21, 22, 23) € F® and consider the
equation DyIQO(Xl) —+ Dy2g0(X2) =2z In the coordinates Y1 = (y1,1, y271), Y2 = (yl’g, y272),
X1 = (371’1,372,1), X9 = (.@1’2,372,2) this is

Y2,1%1,1 T Y1,2T2,1 + Y2,2%1,2 + Y1,2T2,2 = 22 (1.3)

{2y1,1$1,1 + 2y1 2712 = 21
2y2,1%2,1 + 2Y2,2222 = 23.

The system (1.3) is a corollary of

2y1,171,1 + 2Y1,2T1,2 = 21
Y2,121,1 + Y2,2T1,2 = 22
Y1,2T2,1 + Y1,2Z22 =0
2Y2,1%2,1 + 2Y2,2%2 2 = 23,

2y1,1 21,2 11 21

Y2,1 Y2,2 O Trz | _ [ %2

Y11 Y12 T2 0

O 2y21 2y22) \z22 23
So, if the determinant of this system II(y1,y2) = 4(y1,1Y2.2 — y2.191,2)® # 0, the system
(1.3) is solvable for any z, so Ran(Dy, ¢) + Ran(Dy,p) = F3. Since F is assumed to be

infinite, II(y1,y2) # 0 for some yi1,y2 € F2. Since Ran(Dy¢) C Span(Ran(y)) for any
y € F%, we obtain Span(Ran(y)) = F3.

that is, of

1.17. Proof of Theorem 1.12. We prove Theorem 1.12 by induction on the maximum
degree of the monomials 91, ...,%.. In the case where all the ¢; are linear the statement is
trivial, which gives the base of the induction. We start with the proof of (ii); assume that
none of the 1); are linear. Let Ay, y € F4_ be the linear part of Dy = (Dyz/)l, ey Dywc):

Ay (x) = (2?21 ;. 1(Y) %4, - --72?:1 ui’c(y)mi), where the u; ; are monomials in y, and
Dy ¢ — Ay contains no linear monomials in x.

By the induction hypothesis (applied to Corollary 1.14) Ran(Ay) C Span (Ran(Dygo))
for any y € F?. Therefore it suffices to find » € N and a polynomial II: (F¢)" — F such
that II(y1,...,yr) # 0 implies Ran()y,) + ...+ Ran(}y, ) = F°.
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For each ¢« = 1,...,d let 7; be the number of nonzero monomials among the u; ;,

Jj=1,...,¢c, and let 7 = max{ry,...,rq}. For each j = 1,...,c choose i = i; such that
U 4 7é 0.

Let (z1,...,2.) € F¢ it suffices to attain the consistency of the following system of
71+ ...+ rq linear equations in 7y + ...+ rq variables ; ., 1 =1,...,d, s =1,...,7;:

T

Zui,j(ys)xi,s = Zij, 7 = 1,..., d, ] =1,...,c, s.t. Us 76 0, (1 4)

s=1

where z; ; = z; if ¢ = i; and z; ; = 0 otherwise.

For, summing from 1 to d, then letting x; = (21 5,...,24s) (where we use 0 for z; ; in the
event s > r;), one obtains Y . _; Ay, (xs) = (21,-- ., Zc)-

The matrix of the system (1.4) is

A
A O Ui gy (Y1) oo Uiy ky (Frs)
2 .
. . A= : : ,i=1,...,d, (1.5)
O .Ad ui?jTiykTi (yl) et uiyjri akri (y'f'z)
where u; j, k., - e Wi o is the list of all nonzero monomials among the wu; ; for j =
1,...,c. Since 91,...,%. are all distinct, for any s = 1,...,d the nonzero monomials u; ;,
Jj=1,...,c, are pairwise distinct (recall, u; ; is the coefficient of z;, in y, of Dy;).
As there can therefore be no cancellation of terms in its computation, the determinant
IT of the matrix (1.5) is a nonzero polynomial in the variables ys, s = 1,...,7. Thus if

I(y1,...,yr) # 0, then for any z = (z1,...,2.) € F¢ the system (1.4) has a solution
(isy, 1=1,...,d, s=1,...,15).

We now deduce part (i) from part (ii). Let ¢ = (¢1,...,%.), where ¥q,...,1; are
distinct linear monomials and 41,...,%,. are distinct non-linear monomials. By (ii),
> yera Span (Ran(Dy¢)) = {0} x F°~t. Since Span(Ran(Dy¢)) C Span(Ran(yp)) for any
y € F¢ we have {0}! x Fe=t C Span(Ran(g))). Since, plainly, Ran(v1,...,1;) = F!, we
are done. g

1.18. We now turn to the case char F = p < oo. For x = (x1,...,24) € F%, let x? =
(«f,...,2h). If V is a vector space over F, the operation v — v? is not well defined on V.
Hence when we write v?P for v € V we assume that some coordinate system in V' is fixed.

1.19. The proof of the following theorem will be given in section 1.24.

Theorem. (i) Suppose char F' = p < oo. Let 91,...,%. be pairwise distinct nontrivial
separable monomials F* — F and let o: F* — F°¢, o(x) = (¢1(x),...,¥c(x)). Then
Span(Ran(p)) = F°.

(ii) Let, in addition, none of 1, ... 9. be linear, let n = max{deg,...,deg.} and let
m > [log, n]. Then there exist r € N and a nonzero polynomial I1: (F*)" — F such that if
Yis--,Yr € F satisfy U(y1,...,yr) # 0, then Span(Ran(Dyfm p)U.. .URan(Dygm ©)) =
Fe.
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The case d = 1 of this theorem was obtained in [La].

1.20. Example. Let ¢: F — F, p(z) = 2P*!. Then for y € F, Dyp(z) = yz? + yPz,
which is a linear mapping that is not surjective in general. Take any z € F' and consider
the equation Dyrp(z1) + Dyro(z2) = 2, that is,

2 2
yroh + yi s + yhah + yhas = 2. (1.6)
Equation (1.6) is a corollary of the system of equations

{y{’g‘i’ +yp3 =0
YL T+ Yz = 2,

which is equivalent to

{y12$1 + Y2Z2 = 0
Yoy +ybae = 2.

2 2
The determinant of this system of linear equations in z1, =3 is H(y1,y2) = y1yb — ¥ yo.
Hence, for yy, yo satisfying I1(y1,y2) # 0, the equation (1.6) is solvable for any z € F, so
Ran(Dyrp) + Ran(Dyzp) = F. Since F is assumed to be infinite, II(y1,y2) # 0 for some

Y1, y2 € F, which implies Span({zF*!:z € F}) = F.

1.21. Let ¢ be a polynomial F¢ — W with zero constant term. Represent ¢ in the form
@ =m0y + ...+ m oYy where ¢1,...,9; are separable monomials and 7;,...,n are
homomorphisms F — W. Define a polynomial 1: F¢ — F! by ¢ = (¢1,...,1;) and
a homomorphism 7: F! —s W by 7(z1,...,2;) = 71(21) + ... +m(2z;). Then ¢ = 7o,
and Theorem 1.19(i) implies Span(Ran(p)) = m(Span(Ran(¢))) = n(F') = Ran(w). We
therefore have

Theorem. Span(Ran(y)) = Z;zl Ran(n;).

Let us remark that, unlike in the case char ¥ = 0, Span(Ran(y)) need not be an F-
subspace of W, since homomorphisms 7: F — F, n(z) = aox + a12P + ... + @z need
not be surjective. If F' is an algebraic field (that is, an algebraic extension of Z,), the range
of such 7 is a subgroup of finite index of the additive group of F'; if F' is transcendental
over Z, then the range of 7 may have infinite index in F'.

1.22. Suppose further that vy,...,1; are linear monomials, while ¥ 1,...,%¢; are non-
linear. Then A = Zzzj m; o 1; is the linear part of ¢, and Ran(\) = Span(Ran(\)) =

Z;Zl Ran(n;). In particular, we have

Corollary. Ran()) C Span(Ran(y)).
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1.23. Under the assumptions of 1.21 and 1.22, let degp = n, m > [log, n] and let II be
the polynomial arising in Theorem 1.19 applied to the set of all separable monomials of
formal degree < n. Let a polynomial 1: F¢ — F'~t be defined by ¢ = (Ys41,...,%,),
and define a homomorphism 7: FI=t — W by 7(z¢11,...,21) = Ner1(z1) + ... + m(21).
Then for any y1,...,y, € F% with II(yy,...,y,) # 0, Theorem 1.19(ii) gives

Z Span (Ran(Dygm ®) Z Span (Ran Z D v (nj o %)))

s=1 j=t+1

_ Z Span (Ran Z 1 © D pm (1;) ) = Z Span(Ran(m o Dygmqj)))
s=1

j=t+1

= 7{'(2 Span(Ran(Dygm w))> = n(F'7Y) Z Ran(n;).
s=1

Jj=t+1

Combining this with the results of 1.21 and 1.22, we obtain

Theorem. For any d,m € N there exist r € N and a nonzero polynomial I1: (F%)" —s F
such that for any yi,...,y» € F? satisfying I(yy,...,y,) # 0 and any polynomial

o:F1 — W of formal degree < p™*! one has Ran()\) + 3 Span(Ran(Dypmgp)) =
s=1 s
Span(Ran(y)), where X is the linear part of ¢.

1.24. Proof of Theorem 1.19. We prove Theorem 1.19 by induction on the maximum
degree of the monomials 91, ...,%.. In the case where all the v; are linear the statement
is trivial. We start with the proof of (ii); assume that no 1; is linear. Let Ay, y € Fa,

. d k
be the linear part of Dy = (Dyf(/)l, .. .,Dy¢c): Ay (x) = (Zi:l Yoo uink(y)zh ...,
k
2?21 kazo Ui ok (y)2h ), where m > [logp n], u;j are monomials in y, and Dyp —
Ay contains no linear monomials in x. Since by the induction hypothesis (applied to
Corollary 1.22) Ran()\y) C Span(Ran(Dy¢)), y € F?, it suffices to show that there are
r € N and a polynomial II: (F4)" — F such that II(y1,...,y,) # 0 implies Ran()\ypm) +
1
-+ Ran(A,m) = F°.

Since zpl, ..., %, are distinct, for any ¢ = 1,...,d the nonzero monomials u; jx, j =
1,...,¢c, k=0,...,m, are pairwise distinct. For each 2 = 1,...,d let r; be the number of
nonzero monomials among u; jx, j =1,...,¢, k =0,...,m, and let » = max{ry,...,rq}.
For each j =1,...,c, let ¢; = Hf 1 xn’ J Since t; is separable, there is 4 = 7; such that
n;,; is not divisible by p; we have wu; ; # 0 for this i. Let (21,...,2:) € F° consider the
system of equations

1
§ : mypF _ o _
u%]1k(y§ )xi,s = Zig.ks ¥ = ]-a sy d’ J= ]-a R & k= Oa N (A Usj,5.k ?é Oa

where 2; j = 2; if k=0 and ¢ = ¢, and #z; j x = 0 otherwise.
Extracting the pF-th root from the equations corresponding to & > 0 (keeping in mind
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that z; j x = 0 in this case), we get

T3

m—k . .
Zui,j,k(yg ).’177;,3 :Zi,j,k; 1= 1,...,d, ] = 1,...,6, k:0,...,m, Ui,ch #0 (17)
s=1

The matrix of this system has form

Ay

m—kj

e O i )
.. ’ Az: ,izl,...,d,
) m—FKkp, - )
O Ad ’U/i,jri,kri (y110 Tz) Ce ’U,i,j”’kri (yg"zm kr’)
(1.8)
where w; j, ks« - Ui . Ko, is the list of all nonzero monomials among u; jx, j = 1,...,¢,
k= 0,...,m. Forany i, (ja,ka) # (o, ks) implies wig, b, (y7" ) # iy (77" "),

except for the case when both are zero. Indeed, when both are non-zero, direct computa-

. . m—kgq PR kay,m—kq d o m—kgq m—k

tion yields u ;, 4, (y7" ") = 5" T T4, L g™ ™ and w7 ) =
. _okpy,m—kp . om—ky

;nwb e H;i#:l y: ba? . If these are equal then, equating the exponents of

each y;, 1 <t < d, yields p*n; j, = pFen ;, forallt, 1 <t < d (for t # i this is immediate,
while for ¢ = ¢ some minor computation is necessary). Since t;, and ;, are distinct
monomials, we cannot have k, = k;. But if, without loss of generality, k, > kp, then p
divides n; j,, 1 <1t < d, a contradiction.

This implies that the determinant II of the matrix (1.8) is a nonzero polynomial in ys,
s =1,...,r. Thus if lI(y1,...,y») # 0, then for any z = (z1,...,2.) € F° the equation
(1.7) has a solution (z;s, ¢ =1,...,d, s =1,...,7;). Fori =1,...,d put z; s = 0 if
r; < s <randlet xs = (T1,5,-..,%45), s=1,...,7. Then > _, )‘yg’" (xs) = z and hence
> s1 Ran(Apm) = F°.

Now we may deduce part (i) of Theorem 1.19 from part (ii). Let ¢ = (¢1,...,%.),
where 1,...,%. are distinct nontrivial separable monomials. Assume that q,...,;
are linear while y41,...,%. are nonlinear. By (i), >_ ¢ pa Span(Ran(Dy¢)) = {0} x
Fe=!. Since Span(Ran(Dy¢)) C Span(Ran(y)) for any y € F?, we have {0}} x Fe=t C
Span(Ran(go)). Since Ran (91, ...,9;) = F!, we are done. g

1.25. We will continue to assume that char F' = p < oo for the remainder of this chapter.
Theorem 1.21 leads us to introduce the following notion. Let us denote by Fy, k = 0,1,.. .,

the subfield {a:pk 1x € F} of F. Let W be a vector space over F', let A be a subset of W
and let m,l € N. We say that a subgroup L of W is a (p, A, m)-space of dimension <1 if
L is representable in the form

I m
k
L= {Zfo Qik : T1y-eey T EF}
i=1 k=0
with a;x € Spang, (A),i=1,...,1,k=0,...,m.
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1.26. Let ¢:V — W be a polynomial with zero constant term. Write ¢ = 7, o ¥ +
.+ m o ¢y, where v; are separable monomials and 7; are homomorphisms F' — W,

ni(x) = a; 0+ 2Pa; 1+ .. .+xpmiai,mi, i=1,...,1. Assume that for every i = 1,...,[ and
=0,...,m; one has a; € Spang, (A). Then by Theorem 1.21,

l m;
Span Ran go) ZRan ;) Z{pr Qi T € F}

=1
l

{sz ik - 551,---,$16F}.

'L=1 k=0

That is, Span(Ran(gp)) is a (p, A, m)-space for any m > max{mq,...,m;}.

Remark. The “monomials” and the “coeflicients” of a polynomial V' — W are only
defined modulo a coordinate system in V. When we discuss them, we assume that some
coordinate system in V' has been chosen.

1.27. Let A = A(A,m) be the set of all (p, A,m)-spaces. We may interpret A in the
following way. Let Vi = Spang, (A), k =0,...,m,andlet V=V @ V1 ®...0 V. V
is an F-vector space with scalar multiplication 2(bg, by, ..., bm) = (zbg, 2Pby, ..., 2P" by,),
x € F, (bo,b1,...,by) € V. Define 0:V — W by o(bg,...,by) = bp+ ...+ by,. Then
A ={0o(L): L is a subspace of V}.

1.28. If A is a finite set, then V is a finite dimensional space. This implies that

Lemma. For a finite set AC W and m € N, A = A(A, m) satisfies the ascending chain
condition.

Proof. Let L; C Ly C ... be an ascending chain of (p, A, m) spaces. For n € N, let £,, be
a subspace of V such that o(£,) = L,, and let M,, = L1+...+ L,,. Then M; C My C
is an ascending chain of subspaces of a finite dimensional space V and hence, it stabilizes:
My, = My, 11 = ... for some m. Since o(M,,) = L, for all n, we have L,, = Lj,11 =

1.29. We will also need the following proposition.

Proposition. Let ¢ be a polynomial V. — W of formal degree < p™+! with trivial linear

part and let L be an additive subgroup of W. Assume that there exists u € V such that
Ran(D,»m @) € L. Then there exists a nonzero polynomial R:V — F such that for any
v € V satisfying R(v) # 0 one has Ran(D,pm @) € L.

Informally, this means that if ¢ has no linear part and Ran(D,,,m ) € L, then Ran(D,»m ¢)
Z L for almost all v € V.

Proof. We identify V with F? for some d and let II: V" — F be the polynomial corre-
sponding to d and m in Theorem 1.23. Let R; be a nonzero polynomial V' — F' such
that for any w with Rq(w) # 0, II(w, va, ..., v,) is a nonzero polynomial in the variables
V2, -, Up. If Ran(D,pm ) € L for all w with Ry(w) # 0, we are done. Otherwise, there is
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wy € V such that Ran(D_,=¢) C L and II(wq,vs, ..., v,) is a nonzero polynomial. Then
1

let R2 be a polynomial V. — F such that for any w with Ro(w) # 0, II(wy, w, vs, ..., v,)
is a nonzero polynomial in the variables vs,...,v,. If Ran(D,»,m¢) € L for all w with
Ry(w) # 0, we are done. Otherwise, find wy € V such that Ran(D_,=¢) C L and
2

II(wy,ws,v3,...,v,) is a nonzero polynomial. And so on. If this process terminates at
a step k < r, then we are done. Otherwise we have obtained w1,...,w, € V such that
II(wy,...,w,) # 0 and Ran(Dwfm ) .,Ran(Dwgm ¢) C L. By Theorem 1.23, this im-
plies that Ran ¢ C L, which contradicts our assumption. g

2. Densities and a generalized van der Corput lemma

In this chapter we introduce some technical notions and notation and obtain some facts
that will be needed in the sequel.
Throughout this chapter G is a countable abelian group, written additively.

2.1. If {zy }ueq is a set of elements of a topological group indexed by the elements of G, and
{®,}52, is a Fglner sequence in G, then we write C-limz, = = for lim @—lﬂ > ucd, Tu =

z. If the z,, are real numbers, then we write C-limsup z, = z for limsup z— > Ty =
’ ueG n—00 ] u€en

z. Because this notion depends on the averaging Fglner sequence, we will implicitly assume
such a sequence to be fixed throughout any given discussion, and assertions made will be
assumed to be valid for any such Fglner sequence. In particular, multiple C-lim expres-
sions in the same discussion are assumed, unless otherwise stated, to be taken along the
same averaging Fglner sequence. A similar convention will be held for the D-lim operator
discussed below.

2.2. For S C G, we write d(S) = C-limsup 15(u) when a given Fglner sequence is under-
ueG

stood, and d*(S) = sup{d(S)}, where the supremum is taken over all Fglner sequences
in G. d(9) is called the upper density of S with respect to the given Fglner sequence,
d*(S) is called the upper Banach density of S. Analogously, the lower density d(S) of
S is defined as C—qltiénGinflg(u) and the lower Banach density d.(S) of S is inf{d(S)}. If

d(S) = d(S) = d we say that S has density d (with respect to the chosen Fglner sequence);

if d*(S) = d«(S) = d we say that S has Banach density d.

2.3. We write D-limz, = z if for any neighborhood K of z the set {u €eG:xy € K}
€G

has density 1. Ifua:u are reals we write D-limsup x,, for the infimum of the set of x € R for

ueG
which the set {u DTy < a:} has density 1.

2.4. If some property P(u) holds for all u € S, where S is a subset of Banach density 1
in G, we will say that P holds for almost all elements of G. We leave the proof of the
following lemma to the reader.

Lemma. IfV is a vector space and ¢ is a nonzero polynomial on V, then @(u) # 0 for
almost all u € V.

15



2.5. Remark. Suppose that G* is a subgroup of G and let v — u* be a homomorphism of
G onto G*. Then sets having Banach density 1 in G map onto sets having Banach density
1 in G*. Hence, the statement “P(u*) holds for almost all w € G” implies the statement
“P(u*) holds for almost all u* € G*.” We will repeatedly use this fact without mentioning
it.

2.6. A subset S of G is syndetic if finitely many translates of S cover G; that is, if there
exist uq,...,ur € G such that Ule(ui +8)=G. Aset T C Gis thickif TNS # ( for
every syndetic S.

2.7. The following lemma is routine.

Lemma. Let S,T C G.

(i) d, d, d* and d, are shift invariant: for any u € G, d(S + u) = d(S), etc.

(i) d(SNT) > d(S)+d(T) — 1 and d*(SNT) > d*(S) + d.(T) — 1;

(iii) Ifui € G, 1 <4 <k, and d((u; + S) N (u; +5)) =0 for 1 < i # j < k, then
E(Ule(ui + 5)) = kd(S), and similarly for d*.

(iv) S is syndetic if and only if G\ S fails to be thick if and only if d.(S) > 0.

(v) T is thick if and only if G\ T fails to be syndetic if and only if d*(T) = 1.

(vi) If T is thick and S has Banach density 1, then T NS is thick.

(vii) If T is thick then for any u.,...,ur € G the intersection ﬂle(ui + T) is also thick.
(viii) If T is thick then T contains a A-set. That is, there exists a sequence {u;}32, in G
suchthat{uj—ui:1§i<j}§T.

(ix) If d(S) > 0 and G* is a subgroup of G, then S* = {u € G* : d((S+u)NS) > 0} is
syndetic in G*.

Proof. We prove only (ix). Suppose not. Then by (iv), G*\S* = {u € G* : d((S+ u) N S)
= 0} is thick and hence by (viii) there exists a sequence {u;}$2, in G* such that u; — u; €
G*\ S*, 1 <i < j. It follows from (i) that for i # j, d((u; + S) N (u; + S)) = 0, so
for all k£ we have by (iii) that E(Ule(ui + S)) = kd(S). Taking k > 1/d(S) yields a
contradiction. g

2.8. For M C G we will denote by FS(M) the set of finite sums of distinct elements of M,
that is, FS(M) = {},cav:a C M, 0 < |a| < co}.

Lemma. Suppose T C G is thick. Let d € N and suppose S is a syndetic subset of G®.
Then there exists v = (v1,...,va) € S such that FS({v1,...,va}) C T.

Proof. Initially we shall omit the requirement (vi,...,v3) € S. We use induction on
d. Suppose v1,...,v4—1 € V have been chosen so that FS({vl,...,vd_l}) C T. Let
T =TnN ﬂveFS({m,...,vd,l})(T —v). Then, by Lemma 2.7(vii), 7" is nonempty, and letting
vg € T' one gets FS({vl, ce, ’Ud}) cT.

Now we show that in fact we may require (v1,...,v4) € S. Since S is syndetic, for
some (U1,1,-.-,U1,d),---, (Uk,1,---,Uk,d) € Ve one has Ule ((ui,l, ce Uig) F S) = Ve,
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Put B = U, FS({ui, ..., uia}). The set T" = Nuep(u+ T) is thick, so by our prior
argument, there exist wy,...,wg € V with FS ({wl, e, wd}) cT".

Choose ¢ with (v1,...,v4) = (w1,...,wq)— (U 1,---.,u;q) €S. Then for any nonempty
a C{1,...,d} one has
JEa JjEa Jj€a

where w € T" and v € B. Hence, >, ,v; €T. n

2.9. We will also need a van der Corput-type lemma:

Lemma. Let{f,}ucc be a bounded set of vectors in a Hilbert space indexed by the elements
of G. Fizx a Folner sequence {®,}nen and assume that there exists an infinite set H C G

such that for all nonzero v € H — H, C-limsup(fy+v, fu) = 0. Then C-lim f, = 0 in the
ueG ueG

strong topology. In particular, if G* is an infinite subgroup of G and C-lim{fy4v, fu) =0
ueG

for almost all v € G*, then C-lim f, = 0.
u€eG

Proof. Without loss of generality, we assume that ||f,|| < 1 for all w € G. Let € > 0 be
arbitrary. Pick a finite set K C H with |[K|> 1. For n € N,

1 1 1
B 2 o= gy 2 (g 2 Jure) #on=on o
ued, ued, vEH

where ||6,]| — 0 as n — co. Now

2 1 1
= |(I)n| Z W Z <fu+v1afu+v2>'

v1,v2€H

1 1
2
< - _
lonl” < g 2 ||y 22 Fuo
u€d, veEH

But for fixed v1,v2 € H, with vy # vs,

. ) 1

hmsup ) Z <fu—|—111afu+vz> = thllp Z <fuafu+v> =0,

n—o0o ‘ n‘ uwed, n—o0 |(I)n‘ ued,

where we have substituted v = v —v; € H — H.
It follows that for n large enough
9 1 1 1 1 9
[onll” < @] > TH? D (futvrs Futws) + @] > iR >l furoll
n ued, 'vl,v;éGH n ued, vEH
v1Fv2

1
<e+ — < 2e.
|H|

The last assertion follows from Lemma 2.7 (viii). g
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2.10. The following is a version of Lemma 2.9 for D-limits:

Lemma. Let {f,}ucc be a bounded set of vectors of a Hilbert space H indered by
the elements of G. Assume that there exists an infinite subgroup G* of G such that

D-lim D-limsup{fy++, fu) = 0. Then D-lim(f,,g9) = 0 for all g € H. In particular, if
veG* ueG ueG

D-lim(fy+4v, fu) = 0 for almost all v € G*, then D-lim(f,,g) = 0 for all g € H.

u€eG u€eG

Note that there are several D-lim expressions in this lemma. Most are taken with respect
to the same Fglner sequence in G, while the first one is with respect to a Fglner sequence
in G*. This should cause minimal confusion, as one can see from the indexing set whether
one is dealing with G or G*.

Proof. This proof is essentially due to Furstenberg (cf. [F2], Lemma 4.9). Suppose not.
Then there exist € > 0 and g € H such that S = {u € G : [{f,, g)| > ¢} satisfies d(S) > 0.
Without loss of generality we may assume that ||g|| = 1 and that |[f,]| < 1, u € G. Take
6 <e®and put Q = {veG*: D-limgup(fquv,fu) < 6}; @ has density 1 in G*.

ue

We claim that there exist a sequence vi,vs,... € G* and a nested sequence of sets
S DS D8y D ... such that
(a) d(Sy) > 0 for all k € N;

(b) v; —v; € Q for all 1 < i < j;
(c) forany k €N, 1 <i < j<kand u € Sk, (futvi> futv;) <6
(d) forany ke Nyue Sy and 1 <i<k,u+wv; €8S.

To prove the claim, we start by choosing an arbitrary v; from ST = {v e G* :
d((S14+v)NSy) >0} (this set is nonempty by Lemma 2.7(ix)) and put S; = (S—v1)NS.
Clearly, (a) — (d) are satisfied. Having chosen v1,...,v; and Sk, define S; = {v € G* :
d((Sk+v) N Sk) > 0} and choose vgy1 to be an element of Si N N, (Q + v;). (This
intersection has positive upper density by Lemma 2.7(i) and (ii) because @) has density 1
and S} has positive lower density in G* by (ix) and (iv).) We then have vgy1 —v; € @Q for
1 <1< k. Next let

k
Sk+1 = (Sk — Uk—H) NS N (ﬂ{t edG: <ft—|—vk+1—vi7ft> < 5} — Ui).

=1

This set has positive upper density because vy € S; and all of the sets in the final
intersection have upper density 1. One now sees that for u € Sx41 and 1 <1 < k + 1,
(futvis futvps,) < 0. Moreover, for every u € Ski1 one has u + vgq1 € Sy C S. This
establishes the claim.

Let k be large enough that k2¢2 > k(k — 1)d + k. Let u € Sy and put u; = u + v;,
i=1,...,k Then (fy,,9) >¢,i=1,...,k and (fy,, fu,) <9, 4,5 =1,...,k, i #j. For
i=1,...,k write f,, = c;g + fi, where (fi;,g) =0 and ¢; > ¢. Then

k k k
ISl =1 ) + 11 £l > k262
=1 =1 =1
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On the other hand,

k
P=23" (fuo fu) + 0 [l < k(R =15+ .

1<i<j<k i=1

k
>

This is a contradiction. g

3. Unitary actions

In this chapter, F' is a countable field, while V' and W are finite dimensional vector spaces
over F'.

3.1. Given a unitary action of W on a Hilbert space H and a polynomial ¢o: V — W, we
call the mapping U(p) = U o ¢ a polynomial unitary action of V on H.

3.2. Remark. If we are given several commuting actions Uy,..., Uy of vector spaces
Wi,..., Wy on a Hilbert space H, and polynomials ¢;:V — W;, ¢+ = 1,...,k, then
the polynomial actions Uj(¢1),...,Uk(pr) can also be obtained as a composition of the
single action U = Uy X ... X Ug of Wy x ... x Wy, and the polynomials (¢1,0,...,0),...,
(0,0,...,0k):V — Wy x ... x Wg. Therefore, when dealing with several commuting
polynomial actions of V', we may and will always assume that they are induced by several
polynomials V' — W and a single unitary action of W.

3.3. Given a unitary action U of an abelian group G on a Hilbert space H, we say that a
vector f € H is U-invariant if U(v)f = f for all v € G, and that f is U-compact, or that
U is compact on f, if the set U(G)f = {U('U)f NS G} is precompact (with respect to the
strong topology). We say that U is ergodic on H if the set of U-invariant vectors in H is
empty, and that U is compact on H if U is compact on all f € H. We say that U is weakly
mizing on H if the induced action of W on H @ H, U(v)(f ® g) = (U(v)f) ® (U(v)g), is
ergodic.

3.4. Let U be a unitary action of a (countable) abelian group G on a Hilbert space .
The following three facts are well known.

Theorem. For any f € H one has (along any Falner sequence) C-limU (u) f = Pf, where
u€G

P is the orthogonal projection of H onto the space of U-invariant vectors.

3.5. Theorem. Let K be the space consisting of U-invariant vectors in H ® H and
let f € H. Then fRQf L K iff fg L K forallg € H iﬁD-lim<U(u)f,f> =0
ue@G

iff D-lim(U(u)f,g) = 0 for all g € H. In particular, U is weakly mizing on H iff
ueG

D—lim<U(u)f,g> =0 forall f,g € H.

u€eG
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3.6. Define
H(U)={f €H: Uiscompact on f} and
H™(U)={feH: D-lm{U(u)f,g)=0forall g€ H}.
ueG

Theorem. H =H(U)® H"™(U).

3.7. Our next goal is to show that the theory of compactness/weak mixing for “linear”
actions may be transferred without appreciable changes to the case of polynomial actions
of finite dimensional vector spaces.

Given a unitary action U of W on a Hilbert space H and a mapping ¢: V — W, we
say that a vector f € H is U(p)-invariant if U(p(u))f = f for all u € V, and that f is
U(p)-compact, or that U(yp) is compact on f, if the set U(o(V))f = {U(p())f:v €V}
is precompact. We say that U(y) is ergodic on H if there are no U(yp)-invariant vectors
in ‘H, and that U(p) is compact on H if U(p) is compact on all f € H. We say that
U(p) is weakly mizing on H if the induced action of V on H ® H, U(e(v))(f ® g) =
(U(p())f) ® (U(p(v))g), v € V, is ergodic. We also introduce the following notation:

H™(U(p)) ={f €M fis U(p)-invariant },
H(U(p)) = {f € H: [is U(p)-compact}.

It is clear that H™ (U(y)) and H°(U(y)) are U-invariant subspaces of H.

3.8. In order to unite the cases char F' = 0 and char F' = p, we introduce the following
notation. Let A be a finite subset of W and let n € N. If char F' = 0, we define A to be
the set of all subspaces of Spang(A), Q to be the set of all polynomials V. — W with
coefficients in Spang(A), write v* = v for v € V and set V* = V. If char F = p < oo, we
take m = [log, n], define A to be the set of all (p, A, m)-spaces (see 1.25), €2 to be the set
of all polynomials V' — W of formal degree < n with coefficients in Spanp (A), write
v* = vP" for v € V and set V* = {v* tv € V}. Then, independently of char F', we have
the following:

(i) A satisfies the ascending chain condition. (If char F' = 0, this is clear; for char F' < oo
see Lemma 1.28.)

(ii) For any polynomial ¢ €  one has Span(Ran(y — ¢(0))) € A. (If char F = 0, this
follows from Theorem 1.13; for char F' < oo see 1.26.)

(iii) © is closed under addition and under the taking of derivatives with step v* € V*: if
v, € Qthen ¢ + ¢’ € Q and Dy»p € Q for any v* € V*. (The latter follows from the
linearity of D, and formula (1.1).)

(iv) If A is the linear part of a polynomial ¢ €  then Span(Ran(go — )\)) Z L € A implies
Span(Ran(D,-¢)) = Span(Ran(Dy~(¢ — A))) € L for almost all v € V. (For char F < oo
this follows from Proposition 1.29; the case char F = 0 is left to the reader.)
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3.9. Let U be a unitary action of W on H, let ¢:V — W be a polynomial, and let W’
be the subgroup of W generated by ¢(V), i.e. W’ = Span(Ran(y)). Clearly, the space
H™(U(p)) coincides with the space of Uy, -invariant vectors in H, so U(y) is ergodic if
and only if U‘W, is ergodic. An analogous statement is true for compact/weakly mixing
actions, but this is less obvious; see Theorem 3.17 below.

3.10. The mean ergodic theorem for polynomial actions reads as follows:

Theorem. Let U(yp) be a polynomial unitary action of V- on a Hilbert space H. For any
f € H one has (along any Folner sequence) C hm U(e(u))f = Pf, where P is the orthogo-

nal progection onto H™(U(yp)). In partzcular zf U(yp) is ergodic then C-limU (p(u))f =
ueV
forall f € H.

The case V = F of this theorem was obtained in [La].

Proof. We use induction on Deg ¢; the degree 1 case is given by Theorem 3.4. Suppose

the result is valid for polynomials of degree less than that of ¢. It suffices to show that if

U(yp) is ergodic then C-limU(¢(u))f = 0 for all f € H. Moreover, by a routine application
ev

of Zorn’s Lemma it is enough to find a nontrivial U(y)-invariant subspace £ of H such
that C-limU(¢(u))f = 0 for all f € £. This is what we shall do.
ueV

We may assume that ¢(0) = 0. Let Degy = n and let A C W be the set of coefficients
of . Introduce A, ©Q and * as in 3.8. Utilizing 3.8(i), choose a maximal element L of A
(possibly, L = {0}) with the property that the space L = H™ (U | ;) is nontrivial. Since
U(y) has no invariant vectors, Ran(¢) € L. Let A be the linear part of . We consider
two cases:

Case 1: Ran(¢ — ) € L.

By 3.8(ii) and (iii), D,~¢ € Q, so that Ran(D,-¢) € A for all v € V. By 3.8(iv),
Ran(D,~¢) € A for all v € V and Ran(D,~¢) € L for almost all v € V. For v € V, if
Ran(D,»¢) Z L then Ran(D,~¢) has no invariant vectors in £, since otherwise we could
increase L to L+ Span(Ran(D,«¢)). This means that for almost all v € V' the polynomial

action U(D,+¢p) is ergodic on L. By the induction hypothesis, for almost all v € V we
have C-lim U (D,-p(u))f = 0 for all f € £, which implies that
ueV

Cu-eli‘;n<U(so(u+v*))f,U(<p )£) = Clim(U (g (u+v") = p(w) = (")) £, U (e (0")) )
= (U Dy p(w) U ((07)) ) = (CAmU(Dy ()£, U (o)) = 0.

Since V* = {v* 1v € V} is an infinite subgroup of V', the conclusion of Lemma 2.9 gives
C-limU(p(u))f =0 for all f € L.
uev

Case 2: Ran(p — \) C L.

By one of Theorems 1.15 or 1.23, depending on whether char F' = 0 or char F' = p,
Ran(¢ — A) € 3, oy Span(Ran(D,-¢)). It follows that U(p)|, = U(N)|z- Thus, The-
orem 3.4 applies, as C—éi‘l;n U(p(u)f = C—éién UMu))f=0forall fe L. g
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3.11. We now turn to compactness and weak mixing.

Lemma. Let Cy, Cy be two sets of unitary operators on a Hilbert space H with TS = ST
for all T € Cy, S € Cy, and let f € H be such that the sets C1f, Caof are precompact.
Then C1Csf is precompact.

Proof. For any ¢ > 0 we can choose T4,...,T; € C7 and S1,...,5; € Cs such that
{T;f}E_, is an e-net in C1f and {ij}é-:1 is an e-net in Cyf. One may routinely check
that {ZI}ij}szl is a 2e-net for C1Cof. m

3.12. Corollary. Let U be a unitary action of W on H and let p1,p2: V —> W. If both
U(p1) and U(p2) are compact on H then U(p1 + ¢a) is compact on H.

3.13. Theorem. Fiz a Folner sequence for V. Let U(yp) be a polynomial action of V

on a Hilbert space H, let K be the space of U (p)-invariant vectors in H @ H and let

feH. Then fRf L Kiff feg L K forallg € H z'ﬁD—lim<U(go(u))f,f> =0 iff
ueV

D- hm<U u))f,g > =0 for all g € H. In particular, U(p) is weakly mizing on H if and
only if D- 11m< (o( u))f,g> =0 forall f,g € H.
ueV

Proof. We use the fact that for a bounded set {ay}yecy of real numbers, D-lima, = 0 if
uEV

and only if C hm la,| = 0 if and only if C hm lay|? = 0. Suppose D- hm<U w)) f, f)=0.

Letting P be the projection onto the space of U(p)-invariant Vectors for the induced action
on H @ H, we have for arbitrary g € H,

[P @ 9)|* = Clim{U ) ©3), f @7) = Clim (U, £) - Ulp(u))s.5))
< Clim gl (C-lm|(U (o (u)) £ £)]) = 0

Suppose next that f ® f L K. Then

Clim(Up(w)f.9)|* = Clim (U () f,9) - (Ue(u)) .9))

= g-éién<U(w(u))(f ®f),g09)=(P(f®f),907) = 0_

3.14. Lemma. Let U be a unitary action of W on H and let @1, 2 be polynomials
V — W. If U(p1) is compact on H and U(p2) is weakly mizing on H, then U(p1 + ¢2)
1s weakly mizing on H.

Proof. Let f,g € H. Let {f1,..., fx} be an e-net for {U(p1(u))f : u € V}. Then for all
u € V we have

k
(U (1 + p2)(w)) £, 9)] <ellgll + D _[(Ulp2(w)) fis 9)]-

=1

Since ¢ is arbitrary and D—lim‘<U(¢p2(u))fi,g>| =0,1<%<k, wearedone. g
u€eV
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3.15. In light of Theorem 3.13 we introduce the following terminology. Given a unitary

action U of W on ‘H and a mapping ¢: V — W, we say that U(yp) is weakly mizing on

f € H if Dlim(U(¢(u))f,g) = 0 for all g € H. (Note that this property is independent
uev

of the Fglner sequence chosen in Theorem 3.13.) We say that U(yp) is weakly mizing on
L CHif U(p) is weakly mixing on all f € £. Finally we define

H™(U(p)) = {f € H:U(p) is weakly mixing on f}.

We remark that H¥™(U(y)) is a U-invariant subspace of H.

3.16. Lemma. Let U be a unitary action of W on H. For any mapping ¢:V — W,
H(U(p)) L H™(U(¢))-

Proof. Let f € H°(U(y)) and g € H*™(U(p)). Let € > 0 be arbitrary and let fq,..., fk
be an e-net for {U(p(u))f : u € V}. Fix a Folner sequence and choose i, 1 < i < k, such
that F; = {u € V : |U(p(w))f — fil| < e} satisfies d(E;) > 0.

Let F ={ueV:|({U(e(u))g, fi)| >e}. Then d(F) =0. Let u € E; \ F. We have

(f,9) = (Ulp) f,U(e(w)g) < {U(p(w)f — fi, U(p(u)g)| + |{fi, U(p(u))g)]
< U(p()f = fill - llgll +& < e(llgll + 1).

As ¢ is arbitrary, (f,9) =0. n

3.17. Theorem. Let U be a unitary action of W on a Hilbert space H, let o:V — W
be a polynomial with zero constant term and let W' = Span(Ran(gp)). Then

(i) H(U(p)) = H (Uly1);
(i) 7 (U (@) = 1 (U )
(iii) H =1 (U(p)) @ 1 (U(¥))-

Proof. In fact, the weak mixing/compactness dichotomy is a corollary of the mean ergodic
theorem, applied to the induced diagonal action on H ® H, however we give a direct proof,
analogous to that of Theorem 3.10. (i) is a direct consequence of Lemma 3.11. (ii) is
corollary of (i), (iii) and Theorem 3.6. To prove (iii), we use induction on Deg ¢. The degree
1 case is Theorem 3.6. The orthogonality of H*™(U(¢)) and H¢(U(yp)) was established in
Lemma 3.16. Hence it suffices to show that H°(U(p))+ € H*™(U(y)), that is, that U(y)
is weakly mixing on H°(U(p))t. Denote He(U(p))" by K. We must show that U(y) is
weakly mixing on K under the assumption that U(p) has no compact vectors in K. Again,
by a routine application of Zorn’s lemma, it is enough to find a nontrivial U (y)-invariant
subspace L of K such that U(y) is weakly mixing on L.

Let Degp = n and let A C W be the set of coefficients of ¢. Let A, 2 and * be as
in 3.8. Utilizing 3.8(i), choose a maximal element L of A (possibly, L = {0}) with the
property that the space £ = ICC(U‘ ;) is nontrivial. Since U(yp) has no compact vectors in
IC, Ran(y) € L. Let X be the linear part of ¢. We have two cases:
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Case 1: Ran(¢ — \) € L.

By 3.8(iv), Ran(Dy~¢) Z L for almost all v € V. For v € V' let W, = Span(Ran(D,¢)).
By 3.8(ii) and (iii), D,~¢ € €, so that W, € A, v € V. Thus, if Ran(D,-¢) ¢ L, then
D,»p cannot have compact vectors in £, as otherwise we could increase L to L + W,. We
have, therefore, that for almost all v € V, U(D,~¢) has no compact vectors in £. By
the induction hypothesis, U(D,+¢) is weakly mixing on £ for almost all v € V, and by
Theorem 3.13, for these v we have D—li;n{U(Dv*go(u))f, g> =0 for all f,g € L. Hence

ue

D-lim(U (p(u + o) £, Ulip(w) ) = Delim(U i + ) = () = 9(0") £, U(e"))/)
= D-im(U(Dy- ()£, U(p(v*))f) = 0

for almost all v € V. The conclusion of Lemma 2.10 therefore holds, namely that
D-lim(U (p(w))f, ) = 0 for f,g € L.
ueV

Case 2: Ran(p — \) C L.

Since Span(Ran(D,-¢)) = Span(Ran(D, (¢ — A))) C Span(Ran(y)), U(Dy»¢) are com-
pact on L for allv € V. By (i), Ul is compact on £ for all v € V. By either Theorem 1.15
or Theorem 1.23, applied to the pz)lynomial (¢ — A, there exist vy,...,v, € V such that
Span(Ran(p — X)) =>7_, W, . So, by Lemma 3.11, U(p — A) is compact on L. If U(X)
had a compact vector in £, by Lemma 3.11 it would also be compact for U o @ contradic-
tion. Hence, by Theorem 3.6, U()\) is weakly mixing on £, and therefore by Lemma 3.14,
U(y) is weakly mixing on L. g

3.18. We will need a “relative” version of Theorem 3.6, where one deals with a Hilbert
space “over” a measure space Y instead of a conventional Hilbert space. We will exposit
the corresponding theory in the language of Y -Hilbert spaces (see [Le]). One could use the
language of Hilbert bundles instead (see, for example, [Z1], [Z2]). Yet another possibility
is to confine ourselves to L% (Y)-submodules of the Hilbert space L?(X), where X is an
extension of Y (see also 4.2 below); in this case we address the reader to [F1], [FK3] or
[BMZ]. The proofs of the propositions below are “relativizations” of the proofs of the
corresponding propositions 3.5 — 3.17 and we omit them.

3.19. Let Y = (Y, D, v) be a probability measure space. When it does not lead to confusion,
we will identify Y and Y. A Y-pre-Hilbert space H is a L°°(Y)-module with a sesquilinear
mapping (,) : H x H — LY(Y), the value of (f,g), f,g € H, at y € Y being (f, g,
which satisfies (f, ), > 0 for almost all y € Y and all f € H. We put || f|l, = /{f, [)y-
A Y-pre-Hilbert space inherits a pre-Hilbert space structure by (f, g)y = [(f, 9)y dv; we
say that H is a Y -Hilbert space if H is a Hilbert space with respect to (,)y.

3.20. Algebraic operations on Y-Hilbert spaces are naturally defined. In particular, the
tensor product H1 ®y Hs of two Y-Hilbert spaces is the Y-Hilbert space which is obtained
as the completion of the algebraic tensor product Hi ®pec(y) Ha. The complex conjugate
H of a Y-Hilbert space H is defined by H = {f fe ’H}, hf = hf for h € L>(Y), and

(f,9)=(f.9).

24



3.21. A Y -unitary operator T on a Y-Hilbert space H is an invertible measure preserving
transformation 7:Y — Y and an invertible linear transformation 7: H — H satisfying
(Tf,Tg)=T(f,g) and T(hf) =ThT f for any f,g € H and h € L*°(Y). Note that such T
is also a unitary operator with respect to the Hilbert structure of H. A Y -unitary action
U of a group G on a Y-Hilbert space H is a homomorphism U of G into the group of
Y -unitary operators on H.

If V, W are finite dimensional vector spaces, ¢: V — W is a polynomial and U is a
Y -unitary action of W on H, we call the mapping U(y) a polynomial Y -unitary action of
V on H.
3.22. Given € > 0, we say that aset () C H is an e-net for f € H overY if/igg2 IIf — 9”12/ dv
g

< 2. We say that a set Q C H is an e-net for C C H over Y if Q is an e-net over Y for
all f € C. We say that a set C' C H is Y -precompact if for any ¢ > 0 there exists a finite
e-net for C' over Y.

3.23. We will need the following fact:

Lemma. Let {g1,...,9r} be an e-net for f overY. Then for any g € H,

k
KE D vy < DoKars D)1y + €llglly
=1

Proof. For y € Y, let i(y) be the first 4, 1 < i < k, such that || f — g;)lly is minimized.
Then

k
Jlisanldr =3 [laranlir < [[ig.ahldr~ [Voialslar < [17 = gigs9hy v

) 1/2 5 1/2 ) 1/2
< [ 17 = gsoly ol < ([ 15 = guplaw) ™ ([ olar) "< =( [ Nolar) ™

3.24. Lemma. Let C1, Cy be two sets of Y -unitary operators on a Y -Hilbert space 'H
with TS = ST for all T € C1, S € Cs, and let f € H be such that the sets C1f, Caf are
Y -precompact. Then C1Csf is Y -precompact.

3.25. Let U be a mapping of a group G into the group of Y-unitary operators on a Y-
Hilbert space H. We say that U is compact on f € H relative to Y or that f is compact
relative to' Y (with respect to U ) if the set U(G) f is precompact relative to Y. We say that
U is compact on H relative to Y if U is compact relative to Y on all f € H.

3.26. Corollary of Lemma 3.24. Let @1, be mappings of a group V into an abelian
group G and let U be a Y -unitary action of G on a Y -Hilbert space H. If both U(p1) and
U(p2) are compact on H relative to Y then U(p1 + ¢2) is compact on H relative to Y .
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3.27. We say that a Y-unitary action of a group G on a Y-Hilbert space H is weakly mizing
relative to Y if the induced unitary action of G on the Hilbert space H ®y H is ergodic.

Theorem. Let K be the space of U-invariant vectors in H @y H and let f € H.
Then f@f L K iff feg L K forall g € H zﬁDhm<U(uf,f> 0 in LYY) iff

D- hm<U f,g> =0 for all g € H. In particular, U is weakly mizing relative to Y if and
01;1615 if D—éiéﬂ(U(u)f,g> =04n LY(Y) for all f,g € H.
3.28. Let U be a Y-unitary action of an abelian group G on a Y-Hilbert space . For
f € H we say that U is weakly mixing on f relative to Y if Du-éic.'r;n<U(u)f, g> =0in LY(Y)
for all g € H, and define

HY {f € H : U is compact on f relative to Y}

HY" { f € H: U is weakly mixing on f relative to Y}
Theorem. H = ng (U) ® Hy™(U).

3.29. We say that a polynomial Y-unitary action of a vector space V on a Y-Hilbert space
H is weakly mizing relative to Y if the induced polynomial unitary action of V' on the
Hilbert space H ®y H is ergodic.

Theorem. Let K be the space of U(p)-invariant vectors in H ®y H and let f € H. Then
fRf LK iff feg L K forallg € H iﬁD-li‘;n<U(g0(u))f, f> =0 iﬁD—li;n<U(g0(u))f,g> =0
uE ue
for all g € H. In particular, U(p) is weakly mizing on H relative to Y if and only if
D-Lim(U(p(u))f,g) = 0 in L*(Y) for all f,g € H.
ueV

3.30. Lemma. Let U be a Y -unitary action of W on a Y -Hilbert space H and let 1, @2
be polynomials V. — W. If U(p1) is compact on H relative to Y and U(p2) is weakly
mixing on H relative to Y, then U(p1 + p2) is weakly mizing on H relative to Y .

3.31. We say that a set () in a Y-Hilbert space H is Y -bounded if there exists b € R such
that for every f € @, || f|ly < b for almost all y € Y. The following is the “Y-analogue” of
Lemma 2.10.

Lemma. Let G be an infinite abelian group and let {f,}ucc be a Y -bounded set in

a Y -Hilbert space H indexed by the elements of G. Assume that there exists an infinite

subgroup G* of G such that D-lim D- llmsupH futvs fu) ||L1 = 0. Then D-lim(f,,g9) =0
ueG

* G* u (Y)
in L1(Y).

3.32. Let U(p) be a polynomial Y-unitary action of V on a Y-Hilbert space H. For f € H
we say that U(p) is weakly mizing on f relative to Y if D—lim<U(<p(u))f,g> = 0 for all
ueV

g € H, and define
Hs (U(p)) = {f € H: U(p) is compact on f relative to Y},
Hy™(U(p)) = {f € H: U(p) is weakly mixing on f relative to V'}.
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Theorem. Let U be a Y -unitary action of W on a Y -Hilbert space H, let p: W — V be
a polynomial with zero constant term and let W' = Span(Ran(y)). Then

(1) Hy (U(p)) = Hy (U|y);

(ii) Hy™(U()) = Hy (Uly1);

(i) H = Hy"(U(p)) @ Hy (U(p))-

The proof is completely analogous to the proof of Theorem 3.17.

4. Measure preserving actions and proof of main theorem

4.1. A mapping m: X — Y of a probability measure space (X, B, ) into a probabil-
ity measure space (Y,D,v) is called a factor map if n=2(D) C B and for any D € D,
w(r~1(D)) = v(D). If this is the case, X is called an extension of Y and Y is called a
factor of X. In a slight abuse of terminology we will often refer to the factor map itself as
an “extension”. A factor map 7 induces an isometry homomorphism 7*: L%(Y) — L?(X)
by m* f(z) = f(n(z)); we will identify L?(Y) with =*(L?(Y)) C L?(X).

If B’ is a sub-o-algebra of B, the identity mapping X — X defines an extension
(X, B, 1) — (X,B,p1); we will call X' = (X, B’, u) an inner factor of (X, B, ).

If X is an extension of X’ and X’ is an extension of Y, then X is an extension of Y
with X’ being a subextension of X.

4.2. Let (X,B,u) — (Y,D,v) be an extension. For f € L%(X) let Ey(f) denote the
conditional expectation of f given Y, namely the projection of f onto L2(Y). The homo-
morphism Ey: L?(X) — L?(Y) maps L*°(X) onto L*°(Y') and is extendible by continuity
to an epimorphism L*(X) — L'(Y). Putting (f,g) = Ey(fg) € L*(Y) for f,g € L*(X)
turns L2(X) into a Y-Hilbert space (see 3.19 above).

4.3. A transformation T of an extension m: X — Y is a pair (Tx, Ty ), where Tx and Ty
are measure preserving transformations of X and Y respectively, satisfying moTx = Ty om.
Depending on the context, we may use the symbol T' to denote either T'x or Ty .

If T is a measure preserving transformation of a measure space X = (X, B, u) and
an inner factor Y = (X, B, u) of X is such that L?(Y) is T-invariant, then 7" induces a
transformation of the extension X — Y.

4.4. Let T be an invertible transformation of an extension X — Y. T induces an
automorphism of L'(X), (Tf)(z) = f(Tz), which we will identify by the same symbol T
T preserves multiplication, T'(hf) = T(h)T(f) for f € LY(X), h € L®(X). T|L2(X) is
a unitary operator on the Hilbert space L?(X); this operator will also be denoted by T.
L2(Y) is invariant under T, therefore L2(Y)" is also invariant, so that Ey (T f) = T(Ey f)
for all f € L?(X). This implies Ey(Th) = T(Eyh) for all h € L'(X); in particular,
Ey(TfTg) = TEy(fg) for f,g € L2(X). It follows that, in terms of 3.21, T is a Y -unitary
operator on the Y-Hilbert space L?(X).

4.5. A measure preserving action U of a group G on an extension X — Y is a homo-
morphism of G into the group of invertible transformations of X — Y. Such an action
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defines a Y-unitary action of G' on the Y-Hilbert space L?(X), which we will identify by
the same symbol U.

Let U be a unitary action of a group G on an extension X — Y. We say that U is
compact on X relative to Y if the corresponding action of G on L2(X) is compact relative
to Y. Note that U is always compact on L?(Y) relative to Y; we say that U is weakly
maxing on X relative to Y if U is weakly mixing relative to Y on the orthocomplement
L2(Y)L of L2(Y) in L2(X).

If U is a unitary action of a vector space W on an extension X — Y and o: V — W
is a polynomial, we call U(p) a polynomial action of V on X — Y. We say that U(p) is
compact on X relative to Y if U(p) is compact relative to Y on L?(X), and that U(yp) is
weakly mizing relative to Y if U(y) is weakly mixing relative to Y on L2(Y)L (see 3.27).

4.6. Let U(¢p) be a polynomial action on an extension (X, B, u) — (Y, D, v); denote L?(X)
by H. One can check that for any f,g € H$ (U(p)), one has max{f,g} € H5 (U(p)). It
follows that Hs, (U(p)) = L?(X') for some inner factor X' = (X, B', u) of (X, B, u). Since
L2(Y) CH, (U(yp)), X' is an extension of Y. Since 3, (U(yp)) is U-invariant, the action U
and the polynomial action U(yp) are defined on X'. (See [F2], page 137 for more details.)

4.7. We fix now a vector space W over a countable field F. Let A be a finite subset of
W and let n € N; define A, Q and * as in 3.8. Let U be an action of W on an extension
X — Y. We say that X — Y is primitive (with respect to U, n and A) if there exists a
space L € A such that, for any L' € A, Ul is compact on X relative to Y if L' C L and
is weakly mixing on X relative to Y otherwise.

If X — Y is a primitive extension then, by Theorem 3.32, for any ¢ € Q, U(p) is
either compact relative to Y or weakly mixing relative to Y: if Ran(¢ — ¢(0)) C L, U(yp)
is compact; if Ran(¢ — ¢(0)) € L, U(yp) is weakly mixing.

4.8. Theorem. Any nontrivial extension has a nontrivial primitive subextension.

Proof. Let X — Y be a nontrivial extension; put H = L?(X). Utilizing 3.8(i), choose
a maximal element L of A (possibly, L = {0}) with the property that Hs (U | L) # L2(Y).
Denote Hs, (U‘L) by L. By 4.6, L = L?(X"’) for some subextension X' — Y of X — Y.
Since £ is U-invariant, the action of U on X' is defined. For any L' C L, U L is compact
on X' relative to’ Y. If L' € A and L’ ¢ L, then there cannot be a vector in £\ L(Y') which
is compact for U L relative to Y, since otherwise we could extend L to L + L’. Therefore,
by Theorem 3.32, U, is weakly mixing on X' relative to Y in this case. Hence, X' — Y
is a primitive extension. g

4.9. Now let P be a finite family of polynomials from a finite dimensional space V' into W,
let A be the set of all coefficients of the elements of P and let n = max{deg p:peP } Let
U be an action of W on an extension X — Y, and assume that X — Y is primitive with
respect to U, n and A. Let P = Uizl P; be the partition of P into the classes of elements
whose differences are compact relative to Y. Thus, for any ¢ and @1, ¢2 € P;, U(p1 — p2)
is compact on X relative to Y (this is equivalent to Ran(p1 — w2 — ¢1(0) + ¢2(0)) C L)
and for any i1 # ia, p1 € P;, and s € Py, U(p1 — ¢2) is weakly mixing on X relative to
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Y (this is equivalent to Ran(p1 — @2 — ¢1(0) + ¢2(0)) Z L).
Theorem. For any set of functions {f,}oep C L™(X),

Dhm(Ey I V(e HEy I1 vte ) 0 in LY(Y).

uev pEP PpEP;

4.10. We start with the following lemma.

Lemma. Let (X,B,u) — (Y,D,v) be an extension, let Cq,...,Cx, C L®(X) be Y-
precompact sets of uniformly bounded functions on X and let Ty, ..., Ty be mappings of an
abelian group V into the group of transformations of X — Y satisfying

E

k
D-lim(Ey(H T;(w)f;) — [ Bv (T;(w) fj)) —0 in LM(Y) (4.1)

ueV i=1 i=1

for all f; € L*(X), j=1,...,k. Then for any mappings a;:V — Cj, j=1,...,k, one
has

k
w)a; (u H T (w)a; (u))) —0 in L\(Y). (4.2)

.::1?

D-lim( By (

ueV =1

Proof. Because of the multilinearity of (4.2) we may replace each C; by { f—FEy(f): f€
Cj}, j=1,...,k, and assume that Fy(o;(u)) =0 forallu € V and j =1,..., k. Indeed,
for each f € L>°(X) let f' = f — Ey(f). Then, writing for convenience o;(u) for (a;(u))’,
we have

By ([T 75 @) — T By (T3 (u)a; ()

(j=1 j=1
(

k k
[ i (u) (e (w) + Eﬂ%‘(ﬂ)))) — I () By (o (w))

j=1 j=1
= Y Ev([[T@e)w - [T Ey (o)
IC{1,...,k} jeI el
I#£0
= Y [IBwEs(e;w)- B ([[Twajw),
IC{1,....k} j&I Jel
I#£0
and we are done if we show that D-lim Ey (H Tj(u)ofy(u)) = 0 for any T C {1,...,k},
ueVv
I#0.
After a renumeraion of indices we may assume that I = {1,...,l}. Without loss
of generality sup|f| < 1 for all f € C;U...UC). Fix an € > 0 and choose an e-net
{fi1,--, fim,} for Cy over Y, an mil-net {f2.1,--+, fa,m,} for Cy over Y, ..., and an
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mlf.ml -net {f11,..., fim,} for Cy over Y. Then for any v € V, {T;(u) fj,- .-
is an ——=——-net for T;(u)C; over Y, and by Lemma 3.23 we have
m,

) TJ (u)fj,m]}

LY(Y)

HEy(f[ T (wa (w)|

Li(Y) HHT e (u H

l
(T (w) fri - HTj(U)aj(u )

11=1

L(Y)

l
(T3 (w) 1, - H T; (w)ay (u))|

i11

13
mi1— +¢€
LY(Y) m

!
(T1(w) f1,6, - To(u) fa, - HTJ‘(“)@J'(U)))

11=140=1

+ le.
Li(Y)

(Tl(u)fl,il L Tl(“)fl,i,)

11=1 =1
Since ¢ is arbitrary and, by the assumption of the lemma,

l

D- hmEy(HT(u fiir) :D—limEy(H (), - ﬁ T; (u)1)

ueV J 1 j=1 j= l+1

_DhmHEy Fiis) H Ey (T DhmHT v (fii;) =0

ueV j=1 j=l41 ueV j=1

forall i, € {1,...,m1}, ..., 4 € {1,...,my}, we are done. g

4.11. We will also use so-called PET-induction. Let us say that polynomials @1, p9: V —>
W are equivalent if Deg ¢, = Deg 2 and Deg(¢1 — ¢2) < Deg ;. Given a finite set P of
polynomials V. — W for m € Z we define

wm (P) = # of equivalence classes of polynomials of degree m in P

and set w(P) = (wo(P),w1(P),...) € K, where K is the set of sequences of the form
(ko, k1,5 kry0,0,...) with r € N, ko,..., k- € Zy. K is well ordered by writing (ko, k1,
ka,...) < (lp,l1,1s,...) if there exists s € Z such that k,,, = [, for all m > s and ks < l,.
We say that P’ precedes P if w(P') < w(P). PET-induction is induction on w(P): if S(P)
is a statement to be proved, we check S({0}) and prove S(P) under the assumption that
S(P’) is true for all P’ preceding P.

4.12. Lemma. Let P be a finite set of polynomials V. — W.
(i) Let ¢ € P and v € V; define ¢'(u) = p(u+v) and P' = PU{¢'}. Then w(P') = w(P).

(ii) Assume that P does not contain constant polynomials; let ¢ be a polynomial of minimal
degree in P and let P" = {p — 1 : ¢ € P}. Then w(P") < w(P).
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Proof. (i) Clearly, ¢’ is equivalent to ¢, so P U {¢'} has the same equivalence classes as

P.

(ii) If 1, p2 € P are equivalent to each other but are not equivalent to 1, then 1 —
and g — 1 are equivalent and Deg(p; — ¥) = Degey. If ¢ is equivalent to v, then
Deg(¢ — ) < Dege. Hence, subtracting 3 transforms equivalence classes in P into
equivalence classes of the same degree; the only exception is the class of ¥, which falls into
classes of smaller degree. g

4.13. Proof of Theorem 4.9. For eachi € {1,...,1} fix p; € P;. Since [ p, U(p(u))fy

= U(#i)([T,ep, U(p — #i)(u)) f,,) and the sets {Hwep U((p — ¢i)(w)fi : u € V} are
Y -precompact, an application of Lemma 4.10 reduces the problem to the case |P1| =...=

|P;| = 1. We therefore have to prove that

l

D-lim By (T U( HEY ()£)) =0 in LX(Y) (4.3)

uweV =1

for any f1,..., fi € L*=(X). After replacing f; by U(;i(0)) fi, we may assume that ¢;(0) =
0,7=1,...,l. Because of the multilinearity of (4.3), we may also replace f; by fi—Ey(fi),
1=1,...,1, and prove

DuehmEy H U(p;(w)fi) =0 in LY(Y)

under the assumption that Ey (f;) =0,i=1,...,L.

We will use PET-induction on P = {¢1,...,¢;}. The statement of the theorem is
trivial for P = {0}, which gives the base of induction. Let 1 be of minimal degree in P.
If o1 # 0, then for any u € V

HEY HU 901

L1(Y) LY(Y)

=1

_ HEY(f[ U(p: - o)) )

=1

Ly’

so we may replace P by the family {0,02 — ¢1,...,91 — @1}, which precedes P by
Lemma 4.12(ii). We may therefore assume that ¢; = 0. Then U(p;) = U(p; — ¢1)

are weakly mixing for all ¢ = 2,...,[, and we have to prove that
1
D-lim Ey (f1 - [[U(pi(w)f;) =0 in LY(Y). (4.4)
u€V
=2

For i = 2,...,1, let A; be the linear part of ¢;. If U(p; — A;) is compact relative to Y,
we may write

U(pi(w)) fi = UNi(w) (U((i = M) (w)) fi),
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apply Lemma 4.10 once again and replace ¢; by A;. So, we may assume that for any
i=2,...,1, either @; is linear, or U(p; — A;) is weakly mixing relative to Y. In the latter
case, Ran(p; — ;) ¢ L, which implies by 3.8(iv) that Span(Ran(Dy-¢;)) ¢ L, hence
Dy« p; is weakly mixing relative to Y for almost all v € V.

Let us consider two cases.

Case 1: Not all p;, 2 =2,...,l, are linear.
For v € V, define polynomials ¢; ,, i = 2,...,l, v € V, by ¢;,(u) = ¢i(u + v*). By
Lemma 3.31, (4.4) would follow from

= 4.5
oy =0 (49)

l l
D-lim D—limsupHEy (JTUei)fi - []U(pi0(w) fi
v*eEV* ueV i—=2 i=2

which we will now establish.

Fix v € V and define P, = {¢;, @0 + @ = 2,...,1}. Let us investigate the
weakly mixing/compact properties of differences of the elements of P,. If ¢; is linear,
then U(p;» —@;) = U(pi(v*)) is constant. If ¢; is non-linear, then U(yp;, — ¢i) =
U(Dy«p;)U(p;(v*)) is weakly mixing relative to Y for almost all v € V. For i # j,
U(pi — ¢;) is weakly mixing relative to Y and so, U(g;.» — ¢j.») is weakly mixing relative
toY for allv € V. If i # j and ¢; is linear, then U(p; ., — ¢;) = U(pi — ¢;)U(pi(v*)) is
weakly mixing relative to Y for all v € V. Finally, let ¢; be non-linear and assume that
there exists w € V such that U(; ., — ¢;) is compact relative to Y. Since for u,v € V

(i = Piw) (W) = @i(u+v7) = @i(u+w") = Dyr—wrpiu+ w”) + ¢i(v" —w"),

and since U (Dy«_qy= ;) is weakly mixing relative to Y for almost allv € V', U(@; v — @i )
is weakly mixing relative to Y for almost all v € V. By Lemma 3.30, U(p;, — ¢;) =
U ((¢i0 — ijw) + (9iw — 95)), is weakly mixing relative to Y for almost all v € V. Hence,
for almost all v € V' the only case when U (¢ — ) with ¢, € P, is compact relative to Y’
is when ¢ = ¢; is linear and ¢ = ; ,.

Assume that g, ..., @i are linear and @g41,...,¢; are non-linear; since we have at
least one non-linear polynomial, k¥ < [ and ¢; is non-linear. Since 0 # P,, it follows from
Lemma, 4.12(i) that P, precedes P. So, by the induction hypothesis, we have

l
D-lim By HU wi(u)) f; H U(pi(u))fi

u€V

_HEY fz (pZU fz H EY fz H Ey gozu ))f)):(]

i=k+1 i=k+1
in L1(Y)
for almost all v € V. Since Ey (fxy1) =...= Ey(fi) =
HEY fz' (pzv fz H EY fz H EY (sz ))f_)
1= k+1 i=k+1
l
By (U(pi(w)fi - Ulpin(w) fi) H U(ps(w) By (£:) 1] Ulein(w)Ey(fi) = 0.
1=k+1 i=k+1
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Hence, D-lim By ([T'_, U (i (w)) fi - [T.—y U(9in(w)) fi) = 0 in L*(Y) for almost all v € V,
ueV
so that (4.5) holds.

Case 2: @a,...,; are all linear.
Then for any u,v € V

l l l

By ([TU(ei@) i - [U(wi(u+0)F) = By ([ Ulei()(f: - Ulwi(v) ),

=2 1=2 =2
and by induction on [ we get for any v € V

l l l

D- hm(Ey(H Ulps(u)fi - [[U(0iCu+ o)) = [] By (fi - U(cpi(v))ﬁ)) —0 in LY(Y).

Since @;, i = 2,...,1, are Y-weakly mixing, D-lim||Ey (f; - U(@i(v))f3)|| ;. vy = 0, which
veV

implies

l
D-lim D—limsupHEy [TV (pi(u H U(pi(u+v))fi)
=2

veV uev Ll(Y)

By Lemma 3.31, (4.4) follows. g

4.14. We now pass to the main result of the paper:

Theorem. Let V, W be finite dimensional vector spaces over F, let U be a measure
preserving action of W on a probability measure space (X, B, u) and let P be a finite family
of polynomials V. — W with zero constant term. Then for any B € B with u(B) > 0

there exists ¢ > 0 such that the set {u €V : “(ﬂcpeP U(p(u))B) > c} is syndetic in V.

4.15. The remainder of this section constitutes a proof of Theorem 4.14. The strategy
of the proof is as follows. First, we define a property of measure preserving systems that
states, more or less, that a form of Theorem 4.14 holds in the system for any family of
polynomials of at most some fixed formal degree. This property obviously holds for the
trivial system, and we shall show, after disposing of a few preparatory lemmas, that the
property passes to primitive extensions. (This is the main part of the proof.) Moreover,
as one may also easily show that the property holds in systems generated by factors
possessing the property, this is sufficient to prove P-VSz in general, as one may pass
from the trivial system to an arbitrary system via a transfinite chain of primitive and/or
limiting extensions.

4.16. We fix a vector space W over F', n € N and a finite set A C W.

Let U be a measure preserving action of W on a probability measure space Y =
(Y, D,v). We will say that Y has the VSZ property (with respect to U, n and A) if for any
finite dimensional vector space V over F', any finite family P of polynomials V. — W with
coefficients in Span(A), of formal degree < n and with zero constant term, and any B € B
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with p(B) > 0, there exists ¢ > 0 such that the set {u €V : ,u(ﬂ(pep U(p(u))B > c} is
syndetic.

We must show that any measure space has the VSZ property with respect to any U,
n and A.

4.17. Given a probability measure space X = (X, B, u), the set of inner factors of X is
partially ordered by the rule (X, By, u) < (X, By, ) if By C Bs.

Theorem. Given a unitary action U of W on X = (X, B, ), the set of U-invariant inner
factors of X which have the VSZ property (with respect to U, n and A) has a mazimal
element.

Proof. We mimic the proof of Proposition 3.3 in [FK1]. In light of Zorn’s lemma, it suffices
to prove that if {Bg} is a linearly ordered family of U-invariant sub-o-algebras of B such
that (X, Bg, ) has the VSZ property for all 8, then (X, |JBg, 1) has the VSZ property.

Let B € UBg, u(B) > 0, and let a finite set P of polynomials V. — W (with
coefficients in Span(A), of formal degree < n and with zero constant term) be given. Find
B' € Bg for some 8 with u(B'AB) < %. Let 4 = [ prdp be the decomposition of
p with respect to the factor (X, Bg,n). Define D = {z € X : py(B) > 1 — ﬁ}; then
D € Bg and p(D) > 0. (Since pg(B') =1 for x € B’, one would have

/ 1 / 1 w(B) _ w(B)

otherwise.)
Since (X, Bg, ) has the VSZ property, there exists ¢ > 0 such that the set S =
{fuev : “(ﬂweP U(—p(u))D) > c} is syndetic. Then for any u € S and any z €

mcpeP U(—¢(u))D we have

/j'm( ﬂ U((p(u))B) >1- Z (1 - ,u'a:(U(QO(u))B)) =1- Z (1 - ,u'U(cp(u))m(B))

pEP pEP pEP
_IPL 1

> = —.
- 2P| 2
So, l”'(ﬂ(pE'P U(p(u))B) >c/2forallue S. g

4.18. It follows that in order to prove Theorem 4.14 it suffices to establish the following
fact: if Y is a proper U-invariant inner factor of X which has the VSZ property, then there
exists a U-invariant inner factor X' of X satisfying X’ > Y and having the VSZ property.
Indeed, if this were the case, then any maximal element of the family of U-invariant factors
of X having the VSZ property would of necessity coincide with X. Therefore, in light of
Theorem 4.8, it is enough to prove the following proposition:

4.19. Proposition. Let an extension (X,B,u) — (Y, D,v) be primitive with respect to
U, n and A. If (Y,D,v) has the VSZ property with respect to U, n and A, then so does
(X, B, ).
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4.20. We will need the following combinatorial fact.

Proposition. Let ¢1,..., ¢, be polynomials V. — W of formal degree < n, with coeffi-
cients in A C W and with zero constant term. There exist N € N and a finite family Q of
polynomials VN —s W of formal degree < n, with coefficients in Span(A) and with zero
constant term such that

(i) for any ® € Q, Ran(®) C Spam(Uf:1 Ran(p;));

(ii) for any partition |J,_, Qs = Q there exist s € {1,...,r}, ® € Qs and a nonempty set

a C{1,...,N} such that ®(v1,...,vn) + @i( > vt) C Qs foralli € {1,...,k}.
tEa

Proof. For a polynomial ¢: V —s W with ¢(0) = 0, let us define o(!) = ¢ and, for m > 2,
@M. V™ — W by

m—1
O™ (1, ... Um) = (V1 + ...+ ) — Z Z oW (vg,,...,v).

=1 1§t1<...<tl§m

Then for any m € N, Span(Ran(p(™))) C Span(Ran(y)) and

go(m—i—...-i—vm)zz Z oD (vg,,. .. vp).

As one easily checks, o™ (vq,...,0) = Dy,... Dy ¢(vy) and so, o™ = 0 for m >
Deg . Therefore, if Degp < n, we may also write

go(v1+...+vm):Z Z oD (vg,,. .. vp,).

1=1 1<t1 <...<t;<m

Fix N; we will say momentarily how large it must be. For i € {1,...,k} and t =
(t1y.eoyty) € {1,..., N} if t; < ts < ... <ty = tyyy1 = ... = t, for some m < n
we define 7({(i,t)}) = @Em)(vtl,...,vtm), and put 7({(¢,t)}) = 0 otherwise. m maps
the family of singleton subsets of {1,...,k} x {1,..., N}"™ into the set of polynomials
VN — W (in variables v1,...,vy). ™ may be uniquely extended to a mapping from the
power set F of {1,...,k} x {1,..., N}" into the set of polynomials V¥ — W in such a
way that 7(y1Uv2) = 7(y1) + 7(y2) for 1Ny = (. By construction, for any I € {1,... k}
and nonempty o C {1,..., N} we have

r({iyxa) = Y w({l et D) =Y Y 0P (v, v) = i (X ).

t1,..tn€a I=1 ti1,...t;C t€a
t1<...<tg

Put Q = Ran(r). Suppose now Q = J,_, Qs. Put Q;, = 771(Q;). Then U,_, Qs =
F. By the polynomial Hales-Jewett theorem (see [BL2]), if NV is large enough (depending
on k, n and r), then there exist s € {1,...,r}, v € Qs and a nonempty o C {1,..., N}
such that yN ({1,...,k} xa™) =0 and yU ({i} xa™) € Qs, i = 1,..., k. Putting & = 7 (y)
we are done. g
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4.21. In our proof of Proposition 4.19 we may and will assume without loss of generality
that X is a regular space (see [F2], page 103). One then has a decomposition of measures:

for almost every y € Y a measure y, on X is defined (p, “is concentrated” on the fiber
7~ 1(y)) so that p = [ p, dv. For f € L*(X) and almost all y € Y we then have Ey (f)(y) =

[ fdpy.

4.22. To start the proof of Proposition 4.19 we need one more ingredient. It can be
proven (cf. [Z2]) that a Y-unitary action of a group G on a Y-Hilbert space H is compact
relative to Y if and only if H is decomposable into (a possibly infinite) sum of G-invariant
Y -subspaces which have finite rank as L°°-modules. Instead, we will follow the softer
approach suggested in [FK1], which is based on the notion of an almost periodic function.

4.23. Let U be an action of a countable abelian group G on an extension 7: (X, B, u) —
(Y, D, v); though it is not necessary, we will assume that X is a regular space. We say that
a function f € L%(X) is almost periodic relative to Y (with respect to U) if for any ¢ > 0
there exists a finite set R € L%(X), called a fiberwise a.e. e-net for U(G)f, such that for
any u € G and almost every y € Y there exists g € R with HU(u)f - gHy <e.

Proposition. If U is compact on X relative to'Y then L*(X) has a dense set of functions
almost periodic relative to' Y with respect to U.

Proof. For H € L>°(X)®L*(X) and g € L?*(X) define Hxg(z) = [ H(z,2")g(2") dpir(z)(z')-
Then g — H * g is a bounded operator on L?(X, 1) and a compact operator on L?(X, y,)
and for almost all y € Y.

Let # = L?(X), let K be the subspace of H ®y H consisting of the U-invariant
functions and let £°° C K be the subspace of bounded functions from . By using the
identity (f, H x g) = (f ® g, H), one sees that if (f,H xg) = 0 for all H € K* and all
g € H then one has (f ® f, H) = 0 for all H € K*. Since K> is dense in i, this implies
by Theorem 3.27 that U is weakly mixing on f relative to Y and so, f = 0. It follows that
the set {H xg: HeK>®, g¢€ ’H} is dense in H, and we need only show that any H * g
may be approximated by an almost periodic function.

Let now G; C G5 C ... be an exhaustive sequence of finite subsets of G. Fix H € IC*
and g € H, and put f = H xg. For any v € U one has U(v)f = (U(v)H) x (U(v)g) =
H % (U(v)g), and so the set {U(v)f : v € G} is precompact in the || - ||,-norm for a.e.
y€Y. Ford >0andy € Y let M = M(y,0) be the minimal positive integer such
that the set {U(u)f : u € Gy} is 6-dense in {U(v)f : v € G} in the || - [|,-norm. Next,
for k € N let M}, be large enough that v({y : M(y,%) > Mi}) < 3. For K € N let
Ex = Y\ (Uksa{y : M(y.}) > Mi}). Note that v(Ex) > 1 - 27¥. Finally, let
Ex = Uvea U(v)"'Ex and let fx = f - IEK' Note that for K large, fx approximates f
closely. We claim that h = fx is AP.

To see this, let € > 0 and let k£ be large enough that £ > K and % <e. Forue Gy,
let hy(z) be equal to f(U(u)z) if n(z) € Ek, zero if n(z) € Y\ Ek, and for y € Ex \ Ex
choose (measurably) v, € G with U(vy)y € Ex and set hy(z) equal to f(U(vg(s))U(u)z)
if 7(z) € Ex \ Ex. We claim that {0} U {hy :u € Gu, } is a fiberwise a.e. e-net for h.
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Indeed, let v € G and y € Y. First, let y € Ex. Then on the fiber over y, h = f,
hy = U(u)f for u € Gu,, and the set {hy : u € Gay, } is e-dense in {U(v) : v € G} with
respect to the || - ||,-norm. Thus, for some u € Gy, we have ||U(v)h — htu < e. The

complement of Ex is an invariant set, therefore if y € Y\ Ex then U(u)h is zero on the

fiber over y. Finally if y € Fx \ Ex then since U(v,)y € Ek, for some u € Gy, we have

|T()U(vy) 71 f - U(u)fHU(Uy)y < e. But this implies that [|U(v)h — h |, <e. -

4.24. Proposition. If U is compact on X relative to Y, then for any f € H and any
d > 0 there exists D CY with v(D) > 1—§ such that 1p - f is almost periodic relative to
Y with respect to U.

Proof. Let f € H and let 6 > 0 be given. Choose a sequence (£,,)%2 ; of positive numbers
such that > 7, /e, < d. For every n = 1,2,... choose an almost periodic f, with
| fn— Il < €n and let Ry, be a fiberwise a.e. e,-net for U(G) fp. Let Cp = {y : ||fr — flly >
Ven}. Then v(Cy,) < /g, so that D =Y \ U;2, C, satisfies v(D) > 1 — 4.

Now given € > 0, pick n with 2¢, < e. Let u € G and y € Y. If U(u)y € D then
U ) f—=U) fully = |f = fallu@)y < €n, which implies that there exists g € R,, such that
|U(u)f — glly < e. If on the other hand U(u)y & D, then |[|U(u)f — 0|y = [|f|lv(u)y = 0.
Hence R, U {0} is a fiberwise a.e. e-net for U(G)f. g

4.25. Proof of Proposition 4.19. Let L € A be the space ensuring the primitivity of the
extension (X, B, u) — (Y,D,v), as defined in 4.7. Let V be a finite dimensional vector
space over F' let P be a finite family P of polynomials V' — W of formal degree < n, with
coefficients in Span(A) and with zero constant term. Let G be the group of polynomials
V — W of formal degree < n and with zero constant term, let Gy = {gp € G : Ran(yp) C
L}, and let W be a set of coset representatives for G/Go. Choose ¢1,...,pr € W and
Y1 = 0,%9,...,9Y; € Gy such that P C {goi+¢j 1 <1<k 1 <5< l}. Note that
U(1),...,U(2fy) are compact on X relative to Y, while U(p; — ¢;), @ # j, are weakly
mixing on X relative to Y.

Let B € B, u(B) > 0. By Proposition 4.24 we may assume that f = 1p is almost
periodic relative to Y with respect to U|,. Pick b > 0 and D € D with v(D) > 0 such that

py(B) >bforally € D. Put e = %. Let {g1,...,9.} be a fiberwise a.e. e-net for U(L)f.

We now apply Proposition 4.20 to the family {(p;,9;) : 1 <4 <k, 1 < j <}
of polynomials V. — W x W and find N € N and a finite family Q of polynomials
(@, 9): VN — W x W of formal degree < n, with coefficients in Span(A) x Span(4) and
with zero constant term such that for any (®, ¥) € Q, Ran(¥) C Span (U§=1 Ran(v;)) C L
and for any partition J,_, Qs = Q there are s € {1,...,7}, (®,¥) € Q and a nonempty
a C{1,...,N} such that

(@(vl,...,UN) +@i( X ve), (e, ., ow) + 95 (X vt)> € Qs

tEa tEx
foralli e {1,...,k}, j € {1,...,1}.
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Since (Y, D, v) has the VSZ property, there exists d > 0 such that the set
S:{vEVN:y( N U(@(v) +¥(v))D )>d}
(®,9)€Q
is syndetic. We put ¢ = W+‘%.
Let T'C V be an arbitrary thick set. For v € T put

Cu ={y€Y ‘uy(ﬂhU% u) + 9 (u ))B)

i=1j=1 i | )
_H“y(o U(pi(u) -I-tﬁj(u))B)‘ > F}
:{yEY:\/f{ﬁIU( piw) = () f dpy

k

L/ T - wontan) > 5

By Theorem 4.9 the set C' = {u eV :vC,) < 2,\,%1@'} has Banach density 1. By
Lemma 2.7(vi), T = T'N C is thick. Utilizing Lemma 2.8, fix v = (vy,...,un) € S such
that FS({v1,...,on}) C T". Let

N U(@)+¥(v))D )\( U U U(@(v)—l—‘ll(v))C’u).

(®,¥)eQ (®,9)eQueFS{vi1,...,un})

Then v(Dq) > 4.
Fory € D and s € {1,...,r} let

Qs = {(‘P V) € Q: [UTMV)S = 9slly o)y < }

then J,_, Qys = Q for a.e. y € Y. By the choice of Q, for a.e. y € Y there exist
se{l,...,r}, (®,¥) € Q and a nonempty o € {1,..., N} such that for u = >, v €
FS({v1,...,un}) one has (®(v) + @;(u), U(v) + ¢j(u)) € Qys, that is,

HU(_Q(V) B wﬂ(u))f B gsHU(—@(v)—goi(u))y <é€ (46)

foralli=1,...,k,j=1,...,1. Since there are at most 2V 7|Q| choices for c, s and (®, V),
we may find a set Dy C Dy with v(D3) > 2N+7'|Q| such that (4.6) holds for some «, s and

(®, ¥) not depending on y € Dy. We fix these «, s and (®, V).
For y € D, let § = U(—®(v) — ¥(v))y. By (4.6),

U (=) = 5 () f = U (=t (w) + ¥(v))gs ||, < &
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forall:=1,...,k, 7=1,...,1. Since 1 = 0, this implies

U (—i(u) — 1j(u)) f — U(—%’(U))ng < 2,
which is equivalent to

(U (:(u) + 3(w)) BAU (93(w) B) < V2.

It follows that for all+ =1,...,k,

(h W)+ 15(0)) B) > g (B) — IVE.

By construction of § and Dy, y € D. Therefore p;(B) > b and so,
: b
pa (U (pstw) + 05() B) > b—1v2e = -
7j=1
for all2 =1,...,k. Hence,
!
bk
=1 j=1

On the other hand, y &€ C,,, hence

k l k l bk
‘uy(ﬂ (U (s (w) + 1 (u)) ) H (ﬂ (¢i(uw) + 9;(u))B )‘ < g1
1=17=1 =1 7j=1
We therefore have
ko L VR
My(ﬂ () U(pi(w) +’/)j(u))B) > R T ok = ok
i=1j=1

Finally, as this holds for all § € U(—®(v) — ¥(v))D; and v(D3) > 21V++T|Q|’ we have

k1

k
1N i)+ 0500)B) > gt =

i=1j=1

Since P C {(pi +9; 1 <i <k 1<j< l}, this implies ﬂcpE'P U((p(u))B) > c.
Since u was chosen from an arbitrary thick set T, we have shown that the set {u eV:
#(Npep U(p(u)(u))B) > c} is syndetic. g
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5. Applications of main theorem

5.1. In this chapter we derive some combinatorial corollaries from our main theorem. We
start by formulating a version of Furstenberg’s correspondence principle, which serves as
a bridge between multiple recurrence and density combinatorics:

Theorem. (Cf. [F2], page 152, and [B2|, Theorem 4.17.) Given an abelian group G and
E C @G, there exist a probability space (X,B,u), a set A C B with u(A) = d*(E) and a
measure preserving action U of G on X such that for any k € N and any v1,...,v, € G
one has d*(EN (E+v1)N...N(E+wg)) > p(ANUw)AN...NU(vg)A).

5.2. The following combinatorial statement now follows immediately from Theorem 4.14
and the correspondence principle:

Theorem. Let F' be a countable field, let V and W be finite dimensional vector spaces
over F' and let P be a finite family of polynomials V. — W with zero constant term. For
any E CW with d*(E) > 0 there ezist u € V, u # 0, and w € E such that w+ ¢(u) € E
for all ¢ € P. Moreover, the set of u which satisfy w + ¢(u) € E for some w € E and all
@ € P is syndetic in V.

5.3. As a matter of fact, one may derive Theorem 4.14 from Theorem 5.2 by arguing as
follows. Let B € B with pu(B) > 0. Then for almost all z € B the set E, = {w €
W : U(w)z € B} satisfies d*(E;) > 0. By Theorem 5.2, there exist w, € FE, and
nonzero u, € V such that w, + p(u;) € E, for all ¢ € P, so that U(w,)z € B and
U(p(ug))(U(wg)z) € B for all ¢ € P. Choose u € V and w € W such that the set
B ={z¢€ X :u, =uand w, = w} has positive measure. Then U(w)B C B and
U(p(u))(U(w)B) C B for all ¢ € P.

5.4. The following is a “finitary” version of Theorem 5.2.

Corollary. Let P be a finite family of polynomials V. — W with zero constant term and
let {®,} be a Folner sequence in W. For any o > 0 there exists N € N such that whenever
n > N and E C ®, with |E| > «a|®,|, there erist u € V, u # 0, and w € E such that
w—+ p(u) € E for all p € P.

Proof. Assume, without loss of generality, that 0 € P and that |P| > 3. Supposing
the conclusion fails, we choose E, C ®,, |E,| > «a|®,|, n € N, not containing any
{w+ ¢(u) : ¢ € P}, u # 0. Having chosen w; € W,i=1,...,n—1, let

B, = {u € V : there exist 1, p2 € P with
p1(w) = pa(u) € (U (wi + Bo) = UiS,! (wi + B2) ) U (B — Ey) }.
Note that B, is finite. Choose w,, outside the (finite) set
U (wi + E) = {p(u) : u € By, 9 € PY+{p(u): u€ B,, ¢ € P} — Enp.

Again E = | J;2, (wn, + E,,) satisfies d*(E) > «, so E contains a configuration {w + ¢(u) :
@ € P}, u+#0. Let 1, pa, p3 be distinct members of P and suppose there are w € W, 0 #
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ueVandl <m < nwithw+e;(u) € w+E;, wtps(u) € Wy +Epy, wtes(u) € w,+FEy.
One checks that necessarily v € B,,, hence it cannot be the case that m <norl<m=n,
as in either of these cases we would have w € Uz 1 (w; + E) {(p tu € By, g€ 73}
and w, € w+ {p(u) :u € By, p € P} — E,, a contradlctlon Hence | = m = n and, as
the 1, @2, 3 were arbitrary members of P, in fact {w +o(u) : p € ’P} Cw, +FE,, a
contradiction. g

5.5. We will now extend our multiple recurrence theorems from vector spaces to modules
over integral domains. Let K be a ring and let M be a module over K; we call a mapping
0: K¢ — M a polynomial if it has the form p(z1,...,zq) = Zf Lot ah ey, ap € M.

Theorem. Let K be a countable integral domain, let M be a K-module, let U be a measure
preserving action of M on a probability measure space (X, B, 1) and let P be a finite family
of polynomials K — M with zero constant term. For any B € B with u(B) > 0 there
exists u € K, u# 0, such that u(ﬂwep U(p(u))B) > 0.

5.6. The following is an equivalent combinatorial version of Theorem 5.5. (One can es-
tablish the equivalence with the help of the correspondence principle and by an argument
similar to that used in 5.3.)

Theorem. Let K be a countable integral domain, let M be a K-module and let P be
a finite family of polynomials K — M with zero constant term. For any E C M with
d*(E) > 0 there exist u € K, u# 0, and w € E such that w+ ¢(u) € E for all p € P.

5.7. We will be proving the finitary version of Theorem 5.6:

Theorem. Let K be a countable integral domain, let M be a K-module, let P be a finite
family of polynomials K — M with zero constant term and let {®,} be a Folner sequence
i M. For any a > 0 there exists N € N such that whenever n > N and E C ®,, with
|E| > a|®,,|, there exist u € K, u# 0, and w € E such that w + ¢(u) € E for all p € P.

Proof. Denote by F' the field of quotients of K. Let P = {®1,..., ¢k} , where @;(z) =

2?;1 tia; j, a;; € M. We put W = FhtFde and R = K4+-Fde C W. Let ¢ be the

homomorphism R — M defined by ((v) = Zle Z?;l vija;; for v = (vi1,..., V%4, )-
We define polynomial mappings 71, ...,7x: FF — W by (m(u))l i= {uJ =1 pey

0 otherwise.
mi(K)CRand (om =¢;, i =1,... k.

Let G be a countable abelian group and let vq,...,v, € G. Foreach | = 1,... 7,
if (v) N {(v1,...,v—1) # {0} let N; be the minimal positive integer for which Nyu; €
(v1,...,v—1), and let N; be an arbitrary positive integer otherwise. We will call a set
P C G of the form P = {nwl + ...+ nv g € {0,1,..., N, =1}, | = 1,...,r}
an admissible parallelepiped. One can check that there always exists a Fglner sequence
consisting of admissible parallelepipeds, and that the following holds:

5.8. Lemma. Given a Folner sequence {¥,}, a admissible parallelepiped P in G and
B >0, for any n large enough there exist wq,...,w,, € ¥, such that Ugl:l(wj +P)CV,,

(wi + P)N (w; + P) =0 for i #j and |J]o; (w; + P)| > (1= B)|Tn|.
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Sketch of the proof. Let H = (vq,...,v,) and let Z C G be a set of representatives of
G/H. Let Y = {z+ kiNyv1 + ...+ k. Nyv, : 2 € Z, ky,... .k, € Z}. Then |J, ey (w + P)
is a partition of G. Let Y,, = {w ceY  :w+ P C \Iln}; if n is large enough then

{we¥,:wtPCV,} ~ ¥, and so, ey, (w+P)xT,. g

Let {Q, } be a Fglner sequence of admissible parallelepipeds in W. Using Corollary 5.4,
find n such that whenever C C Q,, with |C| > $[Qy|, there exist u € W, u # 0, and w € C
such that w + m1(u),...,w+ 7x(u) € C. Let h € K be such that hw € R for all w € Q,,
and such that hu € K for all w € F having the property that m;(u) = Q, — Q,, for
all i = 1,...,k. Define n:W — R by (n(v))m. = Wuj, i =1,...,k j=1,...,d,
v =(v11,---,Vka); then n(m;(v)) = m(hv),ve W,i=1,...,k.

Define @ = n(Qy,); since 7 is injective, @ is a admissible parallelepiped in R. Assume
that D C @, |D| > £|Q|. Then C = (D) C Q, and |C| > $|Q|. Thus there exist
u€ F,u#0,and w € C such that w + m;(u) € C for all i = 1,... k. Since w € Qn,
one has hw € R. Since m;(u) € Qn — Qn, 2 = 1,...,k, one has hu € K. Finally we have
n(w) € D and n(w + m;(v)) = n(w) + mj(hu) € D for all i = 1,..., k.

Let L = Ran(; choose a Fglner sequence {P,} of admissible parallelepipeds in L.
Choose a Fglner sequence {V¥! } in ker(¢) and a (not necessarily homomorphic) section
T7: L — R of (.

5.9. Lemma. There exists a sequence {my} of positive integers such that ¥,, = 7(P,) +
\Il’mn, n € N, is a Falner sequence in R.

Now let {®,} be a Fglner sequence in M. Define {¥,,} as in Lemma 5.9 and let, in
accordance with Lemma 5.8, 7 and vq,...,v,, € ¥; be such that v1 +Q,...,v,, + Q C ¥,
the sets v; + @ are pairwise disjoint and ‘U;n:l(vj + Q)| > (1 - ¢)|¥;]. Once again
applying Lemma 5.8, find N such that for any n > N there exist w1, ..., w; € ®,, for which
wi + Pi,...,w;+ P, C ®,, the sets w; + P; are pairwise disjoint and ‘U;.:l(wj + PZ)| >
(1 - %)|@n|-

Now let n > N and E C ®,, with |E| > «|®,,|. Then for some w = w;, |EN(w+F;)| >
32| p;|. Putting D = (7' ((E —w”) N P;) we have |[D| > 32|¥,|, thus [DN (v+ Q)| > 2|Q|
for some v = v; € ¥;, so |(D —v)N Q‘ > 5|Q|. We can therefore find v € K, u # 0, and
v € (D — ) such that v’ + m;(u) € (D — o) for all ¢ =1,...,k. It follows that v' +v € D
and (v’ +v) 4+ m;(u) € D for all § = 1,..., k. Hence, w+ ((v' +v) € E and

w+ (v +v+mi(u) = w4+ (W +v) + ((m(u) =w+ (v +v) + ¢i(u) € E,

'l/:]_,,k [

5.10. Corollary of the proof. Let M be a module over a countable integral domain K.
For any k,d € N and a > 0 there exists a finite set J C K, 0 & J, such that, whenever
©1,---, 0k are polynomials K — M of formal degree < d having zero constant term, and
E C M with d*(E) > «, there existu € J and w € E such that w4+ @1 (u), ..., w+¢(u) €
E.
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Indeed, in the proof of Theorem 5.7 u is chosen from a finite set, which depends only on
dy,...,dr and a.

5.11. An equivalent “ergodic” statement is

Theorem. Let M be a module over a countable integral domain K. For any o > 0
and k,d € N, there exists a finite set J C K, 0 & J, and 6 > 0 such that for any
measure preserving action U of M on a probability measure space (X, B, i), polynomials
©1y...,0k: K —> M of formal degree < d and with zero constant term and B € B with
w(B) > « there erists u € J such that ,u(ﬂle U(pi(u))B) > 6.

Proof. One need only to modify slightly the argument given in 5.3. By ergodic decom-
position, there exists a subset B’ C B such that u(B’) > @ having the property that

d*(E;) > @ for z € B'. Choose J from Corollary 5.10 (with o = @) For all z € B’
there exist w, € FE, and u, € J such that w, +¢;(u;) € Ey, i =1,2,...,k, hence for some

fixedue J, p({z € B : uy = u}) > ’g(—ﬁ). It follows that (N, U(pi(u))B) > % = 4.
|

5.12. We may also restate Theorem 5.6 in a more geometric form (cf. Theorem PSZ from
the introduction):

Theorem. Let K be a countable integral domain, let M be a K-module and let ¢ be a
polynomial K¢ — M with ©(0) = 0. For any finite set Z C K and any E C M with
d*(E) > 0 there exist u € K, u# 0, and w € E such that w + p(uZ) C E.

Indeed, it suffices to apply Theorem 5.6 to the set {(pz (u) = p(uz), z€ Z } of polynomials
K— M.

5.13. In Theorem 5.6 one would like to know “how many” u € K satisfy the conclusion of
the theorem. Our proof of Theorem 5.6 does not allow us to guarantee that such v form
a syndetic set in K, but nevertheless we can show that, in a sense, this set is large:

Theorem. Let K be a countable integral domain, let M be a K-module and let 1, ...,k
be polynomials K — M with zero constant term. For any E C M with d*(E) > 0 there
exists 1 € K such that the set

S={ueK: there ezists w € E such that w+ ¢;(v) € E, i =1,...,k}

has positive upper density with respect to any Fglner sequence in the ideal r K.

Proof. Given a € K, consider the polynomials ¢}(x) = ¢;(az), i = 1,..., k. By Corol-
lary 5.10, there exists a finite set J C K, which does not depend on a, such that
olau) + w = ¢i(u) + w € E for some v = u(a) € J and w € E. Let r € J be such
that the set P = {a € K : u(a) = r} has positive upper density in K. Then rP C S and
has positive upper density in 7K. g
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In particular, S is infinite. If K has the property that any of its principal ideals has finite
index (which is the case, for example, when K = Z or K = F[z], where F is a finite field),
then S has positive upper density in K.

5.14. One more question arising in connection with Theorem 5.6 is whether one can get
“nontrivial” configurations of the form {w,w + ¢1(u),...,w + @g(u)} in E. Indeed, the
condition u # 0 does not guarantee yet that ¢;(u) # 0 in M. In some situations the
existence of a nontrivial configuration is clear: if, say, M is a free module, the polynomials
©1,---, @k have only finitely many roots, whereas the set S of those u which satisfy the
conclusion of the theorem is infinite by Theorem 5.13.

5.15. We will now derive a couple of corollaries from Theorem 5.7. (The first one was
proved in [BL1], the second one is new.)

Corollary. Let P be a finite family of polynomials with integer coefficients and zero
constant term. For any o > 0 there exists C € N such that whenever p € N, p > C, and
E C{1,...,p}, |E| > ap, there exist u € {1,...,p} and w € E such that w + ¢(u) € E
for all ¢ € P.

5.16. Corollary. Let K be a countable or finite integral domain and let P be a finite
family of polynomials over the ring K[x| with zero constant term. For any o > 0 there
exists d € N such that whenever E C K with d*(E) > « there exist u € K, u # 0,
degu < d, and w € FE such that w + ¢(u) € E for all ¢ € P.

5.17. We conclude the paper by formulating some new applications to finite fields.

Theorem. Let L be a finite field, let P be a finite family of polynomials over L with
zero constant term and let « > 0. There exists m € N such that whenever F' is a finite
extension of L with |F| > m and E C F with |E| > «|F|, there exist u € F, u # 0, and
w € E such that w+ ¢(u) € E for all ¢ € P.

Proof. Any finite extension of L has the form F = L[z]/(v), where v € L[z] is an irre-
ducible polynomial. We have |F| = |L|%8"; assume that [F| > |L|*, where d is the constant
from Corollary 5.16. Then degv > d. Let m be the factorization mapping L[z] — F.
If E C F with |E| > a|F|, then d*(7~}(F)) > «a and so, by Corollary 5.16, there exist
v € Llz], v’ # 0 and degu’ < d, and w’ € 7~ 1(FE) such that w’' + ¢(u') € #~1(E) for all
@ € P. Since degu’ < d < degv, u' & (v), so w(u') # 0. Hence, u = w(v') and w = 7(w’)
satisfy the conclusion of the theorem. g

5.18. Combining Theorem 5.17 and Corollary 5.15, we get:

Theorem. Let P be a finite family of polynomials with integer coefficients and zero
constant term and let o« > 0. There exists N € N such that whenever F' is a field with
|F| > N and E C F with |[E| > «|F|, there exist u € F, u # 0, and w € E such that
w—+ p(u) € E for all p € P.

Proof. Let C be the constant from Corollary 5.15, let {p1 = 2,p2 = 3,...,pr} be the
set of all prime numbers < C', and for each p;, + = 1,...,k, let m; be the number whose
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existence is guaranteed by Theorem 5.17 for L = Z,,. Now let F' be a finite field with
|F| > max{mq,...,mg} and let E C F with |E| > «|F|. If p = char F > C, partition
F= U;:1 J;, where J; are cosets of Z,, € F. Then for one of these cosets one has |J;NE| >
alJ;|, and the existence of the desired v € Z, and w € E follows from Corollary 5.15 in
this case. If char F' < C, the existence of v and w follows from Theorem 5.17. g
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